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Ausropurmsbr, 1 xkype, ocenb 2020/21 Acumrnroruka

Jlekmuga #1: AcuMnoToTuka

4 ceHTAOPS

1.1. O-ob0o3HauHUA

Paccmorpum dbynknun f,g: N — R0,

Def 1.1.1. f=06(9) IN>0,C; >0,C5>0:Vn>N,C;-g(n) < f(n) <Cy-g(n)
Def 1.1.2. f=0(9) IN>0,C>0:Vn= N, f(n) <C-g(n)
Def 1.1.3. f=Q(g) 3IN>0,C>0:Yn> N, (n) > C-g(n)
Def 1.1.4. f=0(g) VYC >03dN >0:Vn> N, f(n) <C-g(n)
Def 1.1.5. f=w(g) VC>03IN>0:Yn>=N, f(n)>C-g(n)

[Tornmanne O: “paBHBI ¢ TOYHOCTHIO /IO KOHCTAHTHI , “QCUMITOTHIECKNA PABHBI .

[Torumanne O: “He GOJBINE ¢ TOYHOCTHIO O KOHCTAHTHI ,
P
[Tonumanue o: “acUMITOTHYECKH MeHbINE | “JIJIg CKOJIb YTOJIHO MaJioii KOHCTAHTHI He OoJibIe”

ACUMIITOTUYECCKN HE OoJIbIe”

OO0 |02 0| w
=< |2 | <|>

Bameuanue 1.1.6. f = 0O(g) & g = O(f)
Samevarnue 1.1.7. f =0O(g),9 = O(f) < f =06(g)
Bameuanue 1.1.8. f = Q(g) & g = O(f)
Samevarnue 1.1.9. f=w(g) & g = o(f)

Samevarnue 1.1.10. f = O(g),g = O(h) = f = O(h)

Sameuanue 1.1.11. O6o6mmenue: V5 € {O0,0,0,Q w}: f=B(g),9=B(h) =|f = B(h)
Samevarnue 1.1.12. VC >0 C-f = O(f)
Jokaxkem g mpuMepa 1.1.6.

Jlokasameavcmso. Cr-g(n) < f(n) <

VYupakuenwne 1.1.13. f = O(@(O(g)

VYupaxuenue 1.1.14. f = O( (

VYupaxuenue 1.1.15. f = Q(w(O(g9))) = f = w(g)

Yupaxkuenne 1.1.16. f = Q(

Lm 1.1.17. g =o(f) = [ £ g =O(f)
n

Jorasamenvcmeo. g =o(f) IN:Vn = N g(n) < 3f(n) = 3 f(n) < f(n) £ g(n) < 2f(n) |
Lm 1.1.18. n* = o(nk*1)
Jloxasameavcmeo. YCVn > C nftl > C - nP [ |

Lm 1.1.19. P(x) — muorounen, torjga P(z) = O(2%") npu crapmem kosddurmente > 0.

Jokazamenvcmeo. P(x) = ag + a1x + asx® + -+ - + axz®. To nemmam 1.1.12; 1.1.18 umeem, uto Bee

caraembie Kpome apx” apysiores o(29%8). Tlosromy mo memme 1.1.17 Best cymma asistercs O (z%). W

[nasa #1. 4 cenTabps. 1/93 Astop koncmekTa: Cepreit Konegnopua
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1.2. Pekyppentnoctu u Kapairyba

e AJITOpUTM YMHOXKEHUSI YHCeJI B CTOJIONK

Paccmorpum jsa muorounena A(z) = 5+ 4z + 32?2 + 223 + 2* u B(z) = 9 + 8x + 7z + 62°.
Bammmem maccuser al]l = {5, 4, 3, 2, 1}, b[] = {9, 8, 7, 6}.

for (i = 0; i < an; i++) // an =5
for (j = 0; j < bn; j++) // bn =
cli + jl += alil * bl[jl;

4

Mper nostyamin B Tounoctn koaddunuentsr Muorouiena C(z) = A(z)B(x).

Teneps paccmorpum aBa anciaa A = 12345 u B = 6789, 3anuireM Te »Ke MACCUBBI U CJIEJIAEM:

// llepeMHOXaeM uncna 6e3 NIepeHOCOB, KaK MHOTOUJIEHEH
for (i = 0; i < an; i++) // an =5
for (j = 0; j < bn; j++) // bn =4
cli + j] += alil * b[j];
// [emaeM mepenock, MaccuB ¢ = [45, 76, 94, 100, 70, 40, 19, 6, 0]
for (i = 0; i < an + bn; i++)
if (c[i]l >= 10)
cli + 11 += c[i]l / 10, c[i] %= 10;
// Maccus ¢ = [5, 0, 2, O, 1, 8, 3, 8, 0], orBer = 83810205

Mannoe ymuoxenue paboraer 3a O(nm), wmm O(n?) B ciyuae n = m.
Caedcmeue 1.2.1. HYToObI yMHOXKATH JUIMHHBIE YHCJIA JTOCTATOYHO YMETh YMHOXKATH MHOTOUJIEHBI.

MHuoro4ieHbl Mbl XpaHUM, KaK MaccuB Koadduimentos. [Ipu nporpaMMupoBaHun yMHOYKEHUsI, HAM
BaKHO 3HATH HE CTEleHb MHOTOWIEHa d, a JIJINHY 3TOro MaccuBa n = d + 1.

e Asroputrm Kapairyont

YT100b! TIEPEMHOKUTD J[Ba MHOTOUYJIeHa (MM JiBa JITMHHBIX Teabix yncaa) A(z) u B(xr) u3 n koad-
bunrenToB KazK/Iplit, pa3euM UX Ha 4acTu 1o k = § xosbdunuentos — Ay, Ag, By, By.

Bamerum, uto A - B = (A; + 2% Ay(By + 28 By) = A1 B + 2*(A1 By + AyBy) + 2% Ay Bs.

Ecin manucars peKypcuBHYIO (QyHKIUIO YMHOXKEHUsI, TO HOJIYYNM BpPeMsi pabOThI:

Ti(n) = 4T1(5) + ©(n)
U3 nocyieytomieii TeopeMbl Mbl ¢esiaeM Beigog, uro T1(n) = ©(n?). AJropuTM MOXKHO y/TyUIIUTD,

sameTuB, 9o A1 By + Ay By = (A1 + As)(By + B2) — A1 By — A3 Bs, 171 BblunTaeMble BEJMYUHbI YK
HocuuTaHbl. VITOro TpU yMHOXKEHHUSI BMECTO YETLIPEX:

Ty(n) = 3T5(8) + ©(n)

U3 nocyietyiommeit TeopeMbl Mbl ¢ilesiaeM BbiBojL, uTo Th(n) = O(n'%823) = ©(n!585-).
JlaHHBI aJIrOpUT™M HIPUMEHUM U /I YMHOKEHUST MHOTOYUJICHOB, U JIJIsl YMHOYKEHUS THCEJI.

FnaBa #1. 4 cenTsabps. 2/93 Asrop koncnekrta: Cepreit Konennosuya
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[IceBnokos anropurma KapaltyObl Jiid yMHOXKEHUST MHOI'OYJIEHOB:

// n=2F c@w) = a(w)*b(w)

Mul(n, a, b) {
if n == 1: return {al[0] * b[0]}
a --> al, a2

b --> bl, b2

Mul(n / 2, al, bl)

y Mul(n / 2, a2, b2)

z Mul(n / 2, al + a2, bl + b2)

// YMHOXeEWe Ha W' - CIBHT MacCHBa Ha i BIpaBO
return x + y * w'n + (z - x - y) *x w™{n/2};

}

X

Yrobbl YMHOXKUTDb 4UCJIa, ClIIepBa YMHOXKHM HX KaK MHOI'OYJIEHBI, 3aTE€M C/e/IacM II€ePEHOCHI.

FnaBa #1. 4 cenTsabps. 3/93 Asrop koncnekrta: Cepreit Konennosuya
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1.3. Teopembl 0 peKyppPEHTHBIX COOTHOIIIEHUSIX

Teopema 1.3.1. Macmep Teopema (TeopeMa 0 IPOCTOM PEKYPPEHTHOM COOTHOIICHNUH)
Hycts T'(n) = aT'(3) + f(n), toe f(n) = n. Ipu stom @ > 0,0 > 1,¢ > 0. Onpenenum rrybuny
pekypcun k = log, n. Toryia BepHO O7HO U3 TPEX:

T(n) = O(a*) = O(n'sr2) a > b°
T(n) = ©(f(n)) = ©(n) a <0
T(n)=0(k- f(n)) =06(nlogn) a=1>"

Joxaszameavcmeo. PackpoeM peKyppeHTHOCTD:

T(n) = f(n)+aT(%) = f(n)+af(% )—l—an(b%) c=nCta(P)+ad(BE)+. ..
Torma T'(n) = f(n)(1 + & + (&)2 ot (2 ) . IIpu srom B cymme k + 1 craraeMpix.
OGosuaunm ¢ = & u onennm cymmy S(q) =14+q+---+¢".

Ecan ¢ =1, 10 S( )= k+ 1 =logyn+1=0(og,n) = T(n) =06(f(n)logn).

Ecm ¢ < 1, 10 S(q) = =27 = @( ) = T(n) = O(f(n)).
(4

Ecim ¢ > 1, 10 S(q) = ¢* —|— = 0(¢") = T(n) = O(a*(%)°) = O(d"). |

bk

Teopema 1.3.2. O606u46Hue Macmep Teopemwi
Macrep Teopema epra u ms f(n) = n®log?n
T(n) = al(}) +nlog?n. pu a > 0,b > 1,¢ > 0,d > 0.

T(n) = ©(a*) = O(n'o#2) a>0b°
T(n) = ©(f(n)) = O(nlog” n) a < b°
T(n) = Ok - f(n)) = O(nlog™'n) a =1
Bes nokaszarenncrsa. [ |

Teopema 1.3.3. 00 2KcnoHeHyuasoHOM PEKYPPEHMHOM COOMHOUEHUU

[ycte T'(n) = > b,T(n — a;). Ipu stom a; > 0,b; > 0,>b; > 1.

Torma T'(n) = ©(a™), upu sToM « > 1 u gBIAETC KOpHEM ypaBHeHHA 1 = Y b;a™%, ero MOXKHO
HalTH GUHAPHBIM TOMCKOM.

Jlokasameavcmso. Tlpeanonoxum, aro T'(n) = ", torma o = Y ba" % < 1= ba™% = f(a).
Tenepb HaM HYZKHO permuThb ypashenue f(a) = 1 s a € [1,+00).

Ecm a = 1, o f(a) = > b; > 1, ec;im o = +00, 10 f(ar) = 0 < 1. Kpome Toro f(a) N\ [1,+00).
[Tosryuaem, uto Ha [1,+00) €CcTh €MHCTBEHHbIH KOpeHb ypaBHeHus 1 = f(a) u ero MHOXKHO HafTH
OMHAPHBIM TTOMCKOM.

Mpbr mokaszasu, OTKyja BO3HHKaeT ypasHennme 1 = > b;a~%. Jlokazasnu, uro y Hero 3! KOpeHb .
Teneps nokazkem 1o nupykiwn, aro 1'(n) = O(a") (omenky csepxy) n T'(n) = Q(a™) (omenky
cumusy). JlokazarenbcrBa niaeHTraHbl, nokaxkeMm 1'(n) = O(a™). Basa nanykium:

3C:Vn € B=[1 —maxa;, 1] T(n) < Ca"
[Tepexon nHyKIIAM:

= Z b;T(n — a;) " HHiymM Zb o @ o

(*) Bepno, Tak Kak @ — KOpeHb ypPaBHEHUA. [ |

FnaBa #1. 4 cenTsabps. 4/93 Asrop koncnekrta: Cepreit Konennosuya



Ausropurmsbr, 1 xkype, ocenb 2020/21 Acumrnroruka

1.4. J/loka3zareabCcTBa 110 MHAYKIINN

Lm 1.4.1. /Jloxazamesvcmseo no undyxyuu
EcTh mpocToit MeToJ| pelenusi PeKypPpPEHTHBIX COOTHOIICHUH: yrajaTh OTBET, JIOKA3aTh €ro 10 HH-
aykiun. Pacemorpum Ha npumepe T'(n) = max 1(T(x) +T(n—z) 4 z(n —x)).

r=1L..n—

Hoxazxewm, aro T'(n) = O(n?), st sToro mocrarodno mokasarh 1'(n) < n?:

Baza: T(1) =1 < 12
[epexom: T'(n) < max 1(932 +(n—z)*+2z(n—12)) < max 1(:52 +(n—z)?+2z(n—x)) =n?

r=1..n—

e IIpumepsl 1o TeMe peKyppeHTHbIE COOTHOIIIEHUS

1.Tn)=Tn—-1)+T(n—1)+T(n—2).
Vrajgaem orseT 27, IpoBepUM 10 MHAyKImu: 2" = 27~ 1 4 gn=1 4 on=2

2. T(n)=T(n—3)+T(n—3)=Tn)=2T(n—-3)=4T(n—6) =--- =2"/3

3. T(n) =T(n—1)+T(n—3). lpumensem 1.3.3, noayuaem 1 = a~'+a =3, naxomum o GuHIIONCKOM,
noydaeMm o = 1.4655. ...

1.5. Yuciaa ®udoHauw4un

Def 1.5.1. fi = fo=1, fi = fio1 + fi—2. fn — n-e wucro Pubonayvu.

e O1leHKU CHU3Y W CBEPXY

fn = fnfl + fn727 PacCMOTPUM Gp, = Gn—1 + Gn—1, 2" = n 2 fn

fn = fn—l + fn—27 PaccMOTPUM Gn, = Gn—2 + Gn-2, 2n/2 =0n < fn

Bocnonbsyemes 1.3.3, monyunm 1 = a ' +a 2 & a? —a — 1 = 0, nonydaem o = V5l o 1 618.

fn=0(a"). ’

1.6. (x) O-obo3HaYeHUs Yepe3 Ipeaesibl

Def 1.6.1. f =o0(g) Onpedeaenue wepes npedea: lim —g% =0
n—+00
Def 1.6.2. f = O(g) Onpedeserue uepes npedea: lim _J;% < 00
n— +oo
Brech Heobxonmmo nosiceenne: lim f(n) = lim ( sup f(z)), rue sup — BepXHss rPaHb.
n—+oo n—+oo TE€[n..+00]

Lm 1.6.3. Ormpejiesiernst 0 SKBUBAJIEHTHDI

Joxazamesvemeo. BermoMHIM, 9TO pedb O MOJOKUTENIbHBIX (DyHKIUAX [ 1 g.
Pacrmmrem npesiest o onpenesternio: VC >0 IN Vn > N % < C < f(n) < Cg(n). |
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1.7. () 3ameHa cyMM Ha WHTErpaJibl

Def 1.7.1. Onpedeaénnwti unwmezpan [ f(x)dx nososcumenvrot

dynryuu f(x) — naowads nod epagurom f na ompesxe [a..b].

a+1 y | y \
Lm 1.7.2. Vf(z) M [a..a+1] = f(a) < [ f(x)dz < f(a+1) L\ = 10 =
a \!’/K,Z‘ \!’/k.*éz ::
b b+1 EE
Lm 1.7.3. Vf(z) M a.b+1] = > f(i) < [ f(x)dx —
oo R
Joxazamenvcmeo. Crnoxuim HepaBeHcTBa u3 1.7.2 [ | 11 ] |
b b
Lm 1.7.4. Vf(x) M a.b], f > 0= [ f(z)dx <> f(i)
Jlokasamenvcmeso. Croxuan HepaBeHcTBa u3 1.7.2, BeIKUHYMN [a—1, a] u3 uHTErpasa. [ |
Teopema 1.7.5. 3amena cymmm Ha uHmezpan #1
- n+1
Vf(z) /L.00), f>0,5(n) = Zf f Ln) = [ ,Li(n) =0O(Iy(n)) ={S(n) = Oi(n))
1
Jlokasameavcmso. 3 nemm 1.7.3 u 1.7.4 umeem I1(n) < S(n) < Ix(n).
Cili(n) < Ix(n) < Cali(n) = ©i(n) < S(n) < Ix(n) < Cohi(n) n
Teopema 1.7.6. Zamena cymmov, na unmezpan #2
b b b
Vi) ad], f>0 [ flz)de <32 f(i) < f(0)+ [ fla)dx
a 1=a a bh—1
Jlokasamenvcmeso. Tlepsoe HepasencTso — jiemMma 1.7.3. Bropoe — 1.7.4, npumenénnas K Y .. |

Caedcmeue 1.7.7. g yobiBatormux YHKIUN JBa HOCJIETHIX (DAKTa TOXKE BEPHBI.
Bo Bropowm ommbkoii 6yaer we f(b), a f(a), kotopoe reneps GoJbIIe.

e Kak cumTaTh MHTErpaJibl?

b
®opmyna Hoiorona-Jleitbnuna: f f(x)dz = f(b) — f(a)

[Tpumep: In'(n :% f% der=Inn—Inl=1Inn
1
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1.8. IIpumepsbl 110 TeMe acCUMIITOTUKA

e Biioxkenunbie 1ukJnbl for

#define forn(i, n) for (int i = 0; i < n; i++)
int counter = 0, n = 100;
forn(i, n)
forn(j, 1)
forn(k, j)
forn(l, k)
forn(m, 1)

counter ++;
cout << counter << endl;

- 5
Yemy paBen counter? Bo-1mepBbIX, €cTh TOYHBIN OTBET: (g) A ‘. BO-BTODBIX, MBI MOXKEM CXOJy
[OCYUTATH YHUCJIO UKJIOB U OIEHUTDH oTBeT Kak O(n®), paB/ia KOHCTaHTa ﬁ BasKkHa, oreHka depe3 O
He JIA€T TOJIHOE TTPEJICTABIeHNEe O BpeMEHU PAOOTHI.

e 3a CKOJIBKO BbIYHCJIAETCH n-e 9ynucjgo Pudbonauum?

f[0] = £f[1] = 1;
for (int i = 2; i < n; i++)
f[i] = f[i - 1] + f[i - 2];

Kasasmocs 661 3a O(n). Ho sto B npeamonoxennn, aro “+” pemosasiercs 3a O(1). Ha camom nese
MBI 3HaeM, 49To log f, = O(n), T.e. CKIAIBIBATH HYKHO YUC/Ia JJIUHBI 1. = “+” BbInoJHsieTcs 3a O (i),
a n-e unciao Oubonaudn cuanraercs 3a O(n?).

e 3agada u3 tecta npo a’ + > =N

int b = sqrt(N);
for (int a = 1; a * a <= N; a++)
while (a * a + b * b >= N; b--)
if (a * a + b *x b == N)
cnt++;

Bpems pa6orsr O(N'Y/?), Tak kaxk B cymme b ymenbimres jmmb N2 pas. 31ech Mbl nepBblii pas

=97

UCITOJIb30BaJIN TaK HA3bIBAEMBII “MeTOJ] IBYX yKazaresei .

e Yucso genuteseil uncia

vector<int> divisors([n + 1]; // Bce pmenuTenu uucia
for (int a = 1; a <= n; a++)
for (int b = a; b <= n; b += a)
divisors[b].push_back(a);

3a cKoJIbKO paboTaer mnporpamma’
n

aéfﬁ = 0O(n) +GEZ)1% = 0O(n) +naéé L2 O(n) +n- ([ Ldr) = O(nlogn)

1
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° Cmea TapMOHHNYECKOI'o pdada

Hokazken 6outee IPocThIM criocobom, aro » ;- + = O(logn)

1 1 1...
T 17T 1.1 11 n
14 logon] >+ -+ -+ + -+ -+ 2> d=2424 14l 1 iy >
2244448 =
1 1 1 1 1 1 n
T T R S QR =Y l-0(1
1Ty Tyt iTs s s s *allogan] = 25 = Ollogn)
1/2 1/2 12

1.9. CpaBHeHHEe aCUMNTOTUK

Def 1.9.1. Jlunetinasa caoorcrnocmo O(n)
2
Def 1.9.2. Ksadpamuunas cioorcrnocmo On’)
. k
Def 1.9.3. Hoauromuarsvras caodcrocmo 3k >0: O(n")

, k
Def 1.9.4. Iloaunozapugpm 3k >0: O(log™n)
de>0: O27)

Def 1.9.5. 9kcnonenyuasvnas croHcHoCmb

Teopema 1.9.6. Vz,y > 0,2 > 13N Vn > N: log"n<n¥ <z"

Jloxazamenvcmeo. CriepBa JOKazKeM MEPBYIO 9acTh HEPABEHCTBA Yepe3 BTOPYIO.
[lycrs logn = k, Torma log"n < n? < k* <20 = 29k =2k <=nv <2 W
JlokazkeM BTOPYIO 9aCTh MCXOIHOIO HepaBeHcTBa n? < 2" & n < 9ynloa=

IIycrs n' = inlog z, oboznaunm C' = 1/ (% log z), mycts C' < n' (BO3BMEM JOCTATOYHO GOJIBIIOE 1),

1
=n 1
Torma nY < " & n < 2v" 087

& C0-n <2V <= ()2 <2V

Octasocnh nokazaTh n? < 2". JlokazkeM 1O HWHIYKIAN.

Basza: jis joboro 3navenust u3 unrepsasa [10..20) BepHo,

tak Kak n? € [100..400) < 2" € [1024..1048576).

Eciu n yBeIm4uTh B 1Ba pasa, To n? — 4-n?, a 2" — 22 =2".2" > 4.2" npun > 2.
Suagut Vn > 2 ecau Jid N BEPHO, TO U I 21 BEPHO.

Tepexos: [10..20) — [20..40) — [40..80) — ... ]
Caedemeue 1.9.7. Vo, y > 0,2 > 1: log"n = O(nY),n? = O(z")

Zoxazameavcmeo. BozbMmém KoHcTaHTY 1. [
Caedecmeue 1.9.8. Vo, y > 0,z > 1: log"n = o(n¥),n¥ = o(2")

Jloxazamenvcmeo. JlocTaTouHO TIEPEiTH K 4yTh MEHBIIUM ¥, 2 U BOCIOJIb30BATHCA TEOPEMOIi.
ANV > Nlog"n <n¥<=Lnp¥ L — 0= log" = o(n¥).
n—oo

nE ) TLS

ANV > Nn¥ < (2 —&)" = oo™ mromgr . 0= 1 = o(2"). |

)n
n—oo
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e IlocmMoTpuM Kak BeJyT cebsi pyHKIIMU Ha rpaduke

10 20 30 40 50
n

Bamerum, aro 22, n? u log? n, v/n na GeckoHeuHOCTH BeayT cebs mHAte:

104
200 | — \/? k B
—log"n —
150 |
S 2 77
“~ 100 | A -
P
50 1/ 1
0 | | pa
0 1 2n3 4 1045 T T o » w0
n
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Jlexius #2: CTpyKTypbl JaHHBIX

11 centsibpst

2.1. C++

e Warnings

1. Cremnaiite, 9T0OBI KOMIMIATOP g++/clang oroOpazkas BaM KaK MOXKHO OOJIbIIe Warning-os:
-Wall -Wextra -Wshadow

2. [Mumure KoOJ, 9TOOBI IPU KOMITWJIAIIANA HE OBLIO Warning-os.

e Range check errors

JlaBaiiTe pacCMOTPUM CTaHJIAPTHYIO Oary: int al3]; al[3] = 7;
B pesynbrare mbr mosryaaem undefined behavior. Ko wHOrma majgaer mo runtime error, MWHOTAA HET.
Yr00bI TAKOro HE OBLIO, BO-IIEPBBIX, MCIOJIL3YiITe BEKTOPA, BO-BTOPHIX, BKIOUNTEe debug-pexknm.

#define _GLIBCXX_DEBUG // gmomxma 6HTb mo Bcex #include
vector<int> a(3);
al[3] = 7; // Runtime Error!

s mosib3oBaTeseit linux ects 60s1ee mpodeccuonasnbioe perienue: valgrind.

e Struct (cTpykTypBHI)

struct Point {
int x, y;

};
Point p, q = {2, 3}, *t = new Point {2, 3};
p-x = 3;

e Pointers (yka3zaresnn)

PaccmoTpuMm ykazarelsb int *a;
a — yKaszareJsb Ha aJipec B maMaTu (110 CyTH IeJI0e YUCJI0, HOMED sTUeiiKi).
*a — 3HaYeHHe, KOTOPOE JIEXKUT 10 aJIPECY.

int b = 3;

int *a = &b; // coxpamwnu azpec b B mpeMeHHyO a Tuma int*

int c[10];

a = c; // ykasaTenb Ha INepBHiIl 3JIEeMEHT MacCHUBa

xa = 7; // Temepp c[0] ==

Point *p = new Point {0, 0}; // Bugenwiu maMaTh ooz HOBHE Point, yxasTens 3amucanu B p
(*p) .x = 3; // 3anucamnu 3HadYeHWE B X

p->x = 3; // 3anuch, SKBUBAJEHTHAas Npebnymei

Fnasa #2. 11 cenTsabps. 10/93 Asrop koucniekra: Cepreit Komemmopua
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2.2. Heacumnrorudeckune OIITMMU3alInm

[Ipu HanMCcaHUM TPOTPAMMBI, €CJIM XOUeTCs, YTOOBI OHA padoTasa OBICTPO, CTOUT OOPAIATH BHUMaHUE
He TOJIBKO Ha aCHMIITOTHUKY, HO U N30€raTh NCIIOIb30BaHNsd HEKOTOPBIX Olepaluii, KOTopble padoTaioT
JIOJIbITIE, YeM KarKeTCs.

1. BBom m BBIBON mamHBIX. cin/cout, scanf/printf...
Ucnionb3yiite 6yddepusnpoBannblii BBOI/BbIBO, Yepe3 fread/fwrite.

2. Omnepanun 6ubmoTeKn <math.h>: sqrt, cos, sin, atan u T.n.
OTHU olepallny pacK/aabIBAIOT ITePEIaHHbIi aPI'YMEHT B PsiJl, UTO IIPOUCXOIUT HE 33 (’)(1).

3. Bzdarwue uucia mo moysio, jgejaeHue ¢ octatkom: a / b, a % b.

4. Hoctyn k namsaru. CymecTByeT aBa crocoba mpoxoja M0 MaCCUBY:
Random access: for (i = 0; i < mn; i++) sum += a[p[ill; 31ech p — ciy4ailHasg nepecTaHoB-
Ka
Sequential access: for (i = 0; i < n; i++) sum += a[i];

Oynknuu paboTsl ¢ maMsThio: new, delete. Toxke paborator He 3a O(1).

SRR

Brizos dynkmuit. [Ipmvep, kotopsrit mpu n = 107 paboTaeT ceKyHIy U ncrmobsyer > 320 mb.

void go( int n ) {
if (n <= 0) return;

go(n - 1); // xoMmunupyiite ¢ -00, 9YTOOH ONTHMH3ATOP HE PACKPHUI XBOCTOBYKH PEKYPCHO B
LUK

N N

‘ }

Jlnst onTUMU3AIME MOXKHO MCIIOJIb30BaTh inline — yKas3aHue ONTHMHU3ATOPY, YTO (PYHKIUIO
cJIelyeT He BbI3bIBATDH, & IONbITATHCI BCTABUTH B KOJI.

e VcTopusa npo kenr

B narmem pacrnopsizkeHuu ecThb IIPUMEPHO TaKhe 00bEMBI

1. 2Kécrkuit quck. Camas MejieHHAs MaMsITh, 1 TepabaiiT.
2. Omneparunas namsatb. Cpeass, 8 rurabdaiira.
3. Kemr L3. Beictpasi, 4 merabaiira.
4. Kem L1. Ceepx6bicTpast, 32 KujgodaiTa.
Orcroga BwIBOA. Ecim y nac ectsb japa amropurma (11, My) u (Ty, Mo): Ty = Ty = O(n?); M, =

O(n?); My = ©(n), To BTOPOI1 anropuT™ GygeT paboTaTh ObICTpee JJIsA GOJIBINX 3HAYEHHI 1, Tak
KaK y IepBOro OYIyT IMOCTOsTHHBIE IPOMAaXH MUMO KeIIA.

N em€ omuu. Ecim y wac ects apa amropurma (T, M) u (Ty, Ms): Ty = Ty, = O(2"); M; =
©(2"); My = ©(n?), To nepsblit B npuHnume He 6yaeT paboTaTh IpH n & 40, eMy He XBATUT IaMATH.
Bropoii ke mpu 6o/bmux n A 40 HeCIEIIHO, 38 HECKOJILKO 9acoB, HO OTpadoTaer.

¢ BricTpbie onepaiuu

memcpy(a, b, n) (ckommposarh n GaiiT mamsarn), stremp (s, t) (cpaBUTh CTPOKN).
Paboraror B 8 pas 6picTpee mukia for 3a cuér 128-6uraeix SSE n 256-6utnbix AVX peructpos!
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2.3. YHacTu4dHble CyMMBI

Han maccus al[] amHbl n, HY:KHO OTBeYaTh Ha OOJIBIIOE YUCIO 3anpocoB get(l, r) — mocuuTaThb
cymMMmy Ha otpeske [l,r| maccusa a[].

Hausnoe pertenune: Ha KaxK/plil 3ampoc orsedarsb 3a O(r — [+ 1) = O(n).

[IpecbukcHbIE NN YACTUYHBIE CyMMBbI:

void precalc () { // mpegmozcuér 3a O(n)
sum [0] = O;
for (int i = 0; i < n; i++) sum[i + 1] = sum[i] + alil; // swm[i+ 1] =[0..7]
}
int get(int 1, int r) { // [l.r]
return sum[r+1] - sum[1]; // [0.r] —[0..0), O(1)
¥
2.4. Maccus

CosmaTh MacCuB IEJILIX YUCET Ha N 9JIeMeHTOB: int aln];
Nunekcarus HadnHaeTcs ¢ 0, MacCuBbI UMEIOT (PUKCUPOBaHHBIN pasmep. OyHKIINN:

get (i) — afi], obparuThes K vmementy maccusa ¢ HomepoM i, O(1)
set(i,x) — ali] = x, npucBouTh 351€MEHTY 10JT HOMepoM ¢ 3Haderue x, O(1)
find(x) — HaiiTu ssemenT co 3HadenuneM x, O(n)

add_begin(x), add_end(x) — jobaBuTh 3j1eMeHT B HadaJo, B kKouer, O(n), O(n)

ARl B S

del_begin(x), del_end(x) — yjayuTh 3jeMeHT U3 Hadasa, u3 Kouia, O(n), O(1)

[Tocneanure KoMaHIbI pabOTAIOT JIOJTO T.K. HY?KHO HAWTH HOBBIH KyCOK IMAMATU HY?KHOT'O pa3Mepa,
CKOIIMPOBATh BECH MACCUB TY/Ia, y/IAJUTH CTAPbIM.

Jpyrue nazBanug i Jo0aBjenus: insert, append, push.

Jlpyrue HazBaHud s yJlaJeHus: remove, erase, pop.

2.5. /IBycBsI3HBII CINCOK

struct Node {
Node *prev, *next; // ykasaTenu Ha CIeIyloLU¥ ¥ IpebAyNUN SJIEMEHTH CIUCKA
int x;

i

struct List {
Node #*head, *tail; // head, tail - QUKTUBHEE >SIEMEHTH

I

get (i), set(i,x) O(
find(x) O(n)

O(

(

add_begin(x), add_end (x) 1)
del_begin(), del_end() O(1)
delete(Node*) O(1)

Ykazaresb tail HyzKeH, 9TOObI IMETh BOSMOXKHOCTD JIOOAB/IATH B KOHEII, yaaaTh u3 KoHra 3a O(1).
Ccepbuikn prev, 9ToObl XOAUTH MO CIIUCKY B 0OPATHOM HAIIPABJIEHUH, YIAIATh u3 cepeaunbl 3a O(1).
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Node *find(List 1, int x) { // malitu B coucke 3a JIUHUD
for (Node #*p = l.head->next; p != l.tail; p = p->next)
if (p->x == x)
return p;
return O;
} 5|=I=.'>|7|:|:>|3|:l::>|4|+>wuu
Node *erase( Node *v ) { HEAD
v->prev->next = v->next; Doublelinked.List
v->next->prev = v->prev,
NULL

Ei==!Eli ==l ==1EN i e

HEAD Single Linked List

}

Node #*push_back(List &1, Node x*v) {
Node *p = new Node();
p->x = x, p->prev = 1l.tail->prev, p->next = 1l.tail;
p->prev->next = p, p->next->prev = p,;

}

void makeEmpty(List &1) { // co3maTb HOBHI OyCTOH CIHCOK
1l.head = new Node(), 1l.tail = new Node();
l.head->next = 1l.tail, 1l.tail->prev = 1.head;

2.6. OOHOCBA3HBIN CIIMICOK

struct Node {
Node *next; // He XpaHuUM CCHJIKY Ha3aZ, Helb3s ynanarh us cepezuubl 3a (O(1)
int x;

>g
// 0 - mycTo# cmmcoxk
Node *head = 0; // He xpamuM tail, Hembss nobasuarb B Koern 3a (O(1)

void push_front (Node* &head, int x) {
Node *p = new Node();
p->x = X, p->next = head, head = p;
}

2.7. Cnmcok Ha MaccuBe

vector<Node> a; // MaccuB Bcex Node-oB cHmucka

struct {

int next, x;
re
int head = -1;

void push_front (int &head, int x) {
a.push_back(Node {head, x});
head = a.size() - 1;

}

MozkHo caesnaTh CBOU yKa3aTellH.
Torja next — HoMep sveiiku MaccuBa (yKazaTesb Ha SUEfKy MAcCCHBA).
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2.8. BekTop (pacmiupsioruiicss Maccus)

OGbiunblii MaccuB He yjo0eH TeM, YTO €ero pa3Mmep (DUKCUPOBAH 3apaHee U OIPAHUYIEH.
WNnest yaydiieHus:: BbIJAEIUM 3apaHee Size d9eeK MaMsTH, KOIJla peaJibHbII pa3Mep MacCH-
Ba n craHer OoJiblle Size, YJBOMM Size, IepeBblAeNnM HaMsTh. Ouepanuu ¢ BeKTOPOM:
get(i), set(i, x) O(1) (kak u y maccusa)

find(x) O(n) (kak u y MaccuBa)
push_back(x) ©(1) (B cpemnem)
pop_back() O(1) (B xy/mmem)
int size, n, *a;
void push_back(int x) {
if (n == size) {
int *b = new int[2 * sizel];
copy(a, a + size, b);
a = b, size *x= 2;
}
aln++] = x;
}
void pop_back() { n--; }

Teopema 2.8.1. Cpennee Bpems paborsr onHoit omeparun O(1)

Zlokasameavcmeo. 3aMeTuM, UTO Nepeji yJBOCHHEM pasMepa n — 2n Oyjer Xord Obl 5 oneparuil

push_back, 3HauuT cpesHee BpeMs pabOTHI Mocie iHell BeceX push_back Mexk 1y AByMs YIBOEHUSIMH,
BKJIIO9as nocsesmee yasoenne O(1) [

2.9. Crek, odepejib, €K

1o HazBaHUs MHTEPMENCOB (MHOXKECTB (DYHKIIUIA, JOCTYIHBIX MOJIB30BATEIO)

Ctex (stack) push_back 3a O(1), pop_back 3a O(1). First In Last Out.
Ogepens (queue) push_back 3a O(1), pop_front 3a O(1). First In First Out.
Jex (deque) Bce 4 omepanun 100aBICHUS  yIATCHUS.

Peamn3oBbiBaTh BCe TpU CTPYKTYPbI MOXKHO, KaK Ha CIIMCKE TaK M Ha BEKTOPE.
Jlexy Hy»KeH JBYCBS3HBII CIUCOK, OUYE€PEN M CTEKY XBATHUT OJHOCBAZHOTO.
BekTop y nac ymeer yasamBaThbcs TOJLKO 1pu push_back. Yro nenars npu push_front?

1. MoxHo ynBanBaThCsa B JPYTYIO CTOPOHY.

2. MoxHO ucIo1b30BaTh IMUKJINIECKHI BEKTOP.

e J/lek Ha UKJIIMIECKOM BEKTOpE

deque: { vector<int>a; int start, end; }, manuble xpaHsTcd B [start, end)
sz(): { return a.size(); }

n(Q): { return end - start + (start <=end ? 0 : sz()); }

get(i): { return al(i + start) % sz(Q]; }

push_front(x): { start = (start - 1 + sz(Q)) % sz(), alstart] = x; }
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2.10. Ouepenp, CTEK U JIeK C MUHIMYMOM

B crexe MOXKHO 1O/I/IEPZKABATH MUHIMYM.

15t 3TOrO MO CyTH HYZKHO HOJJIEPKUBATH JIBA CTEKa — CTEK JAHHBIX U CTEK MUHIMYMOB.
e CTek ¢ MUHUMYMOM — 3TO JIBa CTEKA.

push(x): a.push(x), m.push(min(m.back(), x)

3/ech m — “9acTUYHbIE MUHAMYMBI ', CTEK MUHIMYMOB.

e Ouepenb ¢ MUHIMYMOM dYepe3 JIBA CTeKa

Yrobbl IHOJAEP2KNBaTh MUHUMYM Ha OY€pEIN IIPOIIE BCEIro IIPEACTaBUThb eé, KaK /JBa CTE€Ka a 1 b.

© 00 O Uk Wi

Stack a, b;
void push(int x) { b.push(x); }
int pop() A{

if (a.empty()) // cTek a 3aKOHUMICH, IIOpa IEPEHECTH SJIEMEHTH b B a

while (b.size())
a.push(b.pop());

return a.pop();
}
int getMin() { return min(a.getMin(), b.getMin()); }

e Oyepenb ¢ MUHIMYMOM 4Yepe3 JeK MUHUMYMOB

Byner pazobpano na npaktuke. CMm. pazdop TpeTbeil MpaKTUKU.

e /lek ¢ MUHUMYMOM dYepe3 JIBa CTeKa

Byner pemreno na npaktuke. CMm. pazdbop TpeTbeil MpaKTHKH.
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Jlekius #3: CTpyKTypbl JaHHBIX

18 cenTsiOpsi

3.1. AMopTu3annOHHbIN aHAJIN3

Mpr y2Ke JiBa pa3a OIEHMBAJM BpeMsl B CPeJHEM — I BEKTopa M odepeau ¢ MuHuMyMowm. [l
0oJiee CJIOXKHBIX CIyUIaeB €CTh CIlelnaibHas CHCTeMa OIeHKH “BpeMeHu paboThl B CpeiHeM ', KOTOPYIO
Ha3bIBAIOT “aMOPTU3AIMOHHBIM aHAIU30M .

[Iycrb Hala mporpaMMa COCTOUT U3 JIEMEHTAPHBIX KYCKOB (Omepaluii), i-if n3 KOTOPBIX paboraer t;.

Def 3.1.1. t; — real time (peasvroe epems 0dnot onepayuu)
m = % — average time (cpeduee epemas)
a; = t; + Ap; — amortized time (amopmusuposarnoe epems 00not onepayuL)

Ap; = p;11 — Y; = U3MeHeHne (GYHKIUN @, BBI3BAHHOE i-ii orepariueii.

a; — BpeMsi, aMOPTU3UPOBaHHOE (DYHKIMEH .

MozkHO paccMaTpuBaTh Vo, HHTEPECHO T10100paTh TaKylo, 4TOObI t; Beeraa ObLIO HEOOIBIINM.
e lIpumep: BekTOD.

Pacemorpum ¢ = —size (pa3Mep BEKTOPA, B3I TAKON MOTEHIUAJ U3 TOJIOBBI).

1. Her yapoenus::  a; =t; + Ap; =1+0=0(1)

2. Ecrb ymBoenne:  a; = t; + Ap; = size + (pip1 — @;) = size — 2size + size = 0 = O(1)
[onyunmm a; = O(1), xodercs c¢aesaaTh u3 3Toro BuBo, o m = O(1)

e Ctporme paccyxk/JieHus.

Lm 3.1.2. St = S a; — (@end — ©0)
Jloxazameavcmeo. Cioxkuau paBercTBa a; = t; + (@ir1 — ;) |

Teopema 3.1.3. m = O(max a;) + £=Fend

¢
Jlokasameavcmeo. B gemme JieiuM paBeHCTBO Ha 1, » | a;/n < max a;, 3aMeHseM Z;l L Ha ™ [ |

Caedemeue 3.1.4. Ecmu ¢y = 0, Vig; > 0, o m = O(maxa;)

e ITpumep: push, pop(k)

ITycts ects onepanun push 3a O(1) u pop (k) — gocrars cpasy k siementos 3a O(k).
HokazkeMm, ato B cpejem Bpems Jjiio6oit onepanun O(1). BosbMmém ¢ = size

push: a; =t;, + Ap=1+1=0(1)

pop: a; =t; + Ap =k —k =0O(1)

Taxxke 3ameTnm, 910 @ = 0, Peng = 0.

o ITIpumep: a? +b*> = N

int y = sqrt(n), cnt = 0;

for (int x = 0; x * x <= n; x++)
while (x * x + y * y > n) y--;
if (x * x + y * y == n) cnt++;

Opmoit oneparueit HA30BEM UTEPAIUIO BHEITHEro MUKJIa for.
PaccmoTpuM criepBa KOppeKTHBIN MTOTEHITHAIL (0 = 1.
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a; = tz + AQO = (yold — Ynew + 1) + (yne}u _ yold) = O(l)
TakzKe 3aMETHM, 9TO Qg — Pend < /T L = O(1).

Tenepb paccMOTpPUM IJIOXO TTOTEHIIUAT P = y2.
a; =1; + A@ = (yold — Ynew + 1) + (yiew - ygld) = 0(1)
Ho, TIpH 5TOM (g = 1, Yeng = 0 =" m = O(y/n) =(

Teneps paccmoTpum Apyroit nsoxoit morennuan @ = 0.
a; = tz + A@ = (yold — Ynew + 1) = O(\/ﬁ) =(
e Mounerku

HokazkeM emé omauM crocoboM, 9To BeKTop paboraer B cpeatem 3a O(1).

Korna mbr menaem push_back 6e3 yaBoeHus: TaMATH, HAKOIUM 2 MOHETKH.

Korna mbr nenaem push_back ¢ yiBoenunem size — 2size, 3TO 3aHUMAET Si2€ BPEMEHU, HO MbI MOYKEM

3aIl/IaTUTh 3a 9TO, MOTPATUB Size HAKOIIEHHBIX MOHETOK. UMCJIO0 JieHeI HUKOIIa He OyJIeT MeHbIIe
size

HyJIsl, TaK KaK JIO yJIBoeHus ObL1o XoTs Obl #2¢ onepanuii “push_back 6e3 yasoenns”.

DTa wjes PABHOCUIbHA HJiee TIPO TTOTEHIHAbI. Mbl HesiBHO ompeieristeM (DYHKIHIO ¢ depe3 eé Ap.
(0 — KOJINYECTBO HAKOILICHHBIX U eI He MOTPAICHHBIX MOHETOK. A = COOTBETCTBEHHO +2 W -Size.
3.2. Paz36op apudmerndecKnX BbIpaXKeHUt

Pazbop BohIparkenunii ¢ aucjaamMu, CKOOKaMM, OIePaIusIMHu.
[TpeanoaokuM, Bee Olepaluy JIeBOACCOIMATUBHBI (BBIUUC/IAIOTCS CJIeBa HAIIPABO).

stack<int> value; // yXe mOCYNTaHHbE 3HAYEHUS
stack<char> op; // emé He BHIOJHEHHHE OIEPALUA
void make () { // BHNONHUTE IpaByb ONIEpAIUD
int b = value.top(); value.pop();
int a = value.top(); value.pop();
char o = op.top(); op.pop();
value.push(a o b); // ma, He CKOMOMIWTCS, HO CMHCI TaKo#
}
int eval(string s) { // s 6e3 mpobenos
s = 2(” + s + ?)’ // Upu BHIOJHEHWZ LIOCJIENHEN ), BHPAXEHWE BHYIUCIUTCSH
for (char c : s)
if (’0° <= c && c <= ’9°’) value.push(c - ’07);
else if (c == ’(’) op.push(c);
else if (c == ’)’) {
while (op.top() != ’(’) make();
op.pop O);
} else {
while (op.size() && priorioty(op.top()) >= priorioty(c)) make();
op.push(c);
}
return value.top();

}

Teopema 3.2.1. Bpewms pas6opa BbIpazkeHust s co crekoM pasHo O(]s|)

Jlokasameavcmeo. B dyukium eval 1ucsio Ber30BoB push He 6ostbirie |s|. Oneparust make yMeHbIIAET
pa3Mep CTEKOB, TIO3TOMY HYHCJIO BBI30BOB make He OoJibie yncsia oneparuii push B pyukmnuu eval. M
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3.3. Bunnouck

3.3.1. OOBIKHOBEHHBIM

Jlan orcoprupoBanHbiii MaccuB. COPTUPOBATH MBI TIOKA YMeEM TOJBKO TaK:
int aln]; sort(a, a + n);

vector<int> a(n); sort(a.begin(), a.end());

Ceitqac mbl Hayanmcs 3a O(logn) uckaTh B 9TOM MacCHBE JIEMEHT &

bool find(int 1, int r, int x) { // [1,r]
while (1 <= r) {
int m = (1 + r) / 2;
if (alm] == x) return m;
if (alm] < x) 1 = m + 1;
else r = m - 1;
}
return O;
}
Lm 3.3.1. Bpewms pa6orsr O(logn)
Jlokasamenvcmeo. Kaxkiplii pa3 Mbl yMeHbIIaeM JINHY oTpe3ka [, r| kak MuanMyM B 2 pasza. W
e Lowerbound. MoxHo uckath 0ojiee CJI0KHYIO BEJIUUNHY Mini: a; > .
int lower_bound(int 1, int r, int x) { // [1,r)
while (1 < r) {
int m = (1 + r) / 2;
if (alm] < x) 1 = m + 1;
else r = m;
}
return 1;
}
Eciu Bee ssiementst [I, 1) Menbiie x, lower_bound Bepuér 7. Bpems paborsl Takxke O(logn).
3aMeTuM, 9TO 9TOT OMHIIOUCK CTPOTo cujabHee, PyHKIMO find Ternepb MOXKHO Peam30BaTh TaK:
return al[lower_bound(l, r, x)] == x;
B asbike C++ ecTb cranapTHble DYHKIUN
int i = lower_bound(a, a + n, x) - a; // min i: al[i] >= x
int i = upper_bound(a, a + n, x) - a; // min i: al[i] > x
Yepes HUX JIErKO HallTh [maxi: a; < x| = upper_bound — 1 u [maxi: a; < x] = lower_bound — 1.
3.3.2. Ilo npenukarty
MozkHO HaImmcaTh elié 0oJsiee OOt OMHITONCK, IIPU 3TOM CJejIaTh Kol Oosiee mpocTbiM. IIpeaukar —
dbyukums, npuanMaonias 3uaaderns Toabko 0 u 1. Ilyers npemukar f(z) = (x <1 7 0 : 1).
Tora mMbl GuHNIONCKOM MOXKeM Hajitn Takue [ + 1 =7, aro f(I) =0, f(r) = 1.
void find_predicate(int &1, int &r) { // £(1) =0, f(r) =1
while (r - 1 > 1) {
int m = (1 + r) / 2;
(f(m) ? r : 1) = m; // xoporkas 3amuchk if (f(m)) r=m; else l=m;
}
}
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Kak 310 ucronb3oBath s pereHnn 3a1a49u lower _bound?

bool f(int i) { returmn ali] >= x; }

int 1 = -1, r = n; // MecueHHo mobasmM al[-1] = —oo, aln] = +oco
find_predicate(l, r); // £() 6ymeT BH3HBATHCHA TONBKO i 3JIEMEHTOB oT 1+1 mo r-1
return r; // f(r) =1, £f(r-1) =0

3.3.3. BemmecTBeHHbII, KODHU MHOTOYJI€HA

Jlan muHOrowien P HedéTHOI cTereHn co crapimM Koddduimentom 1. Y HEro ectb BeIeCTBEHHBIH
KOPEHb U MBI MOXKEM €ro HaiflTh OMHAPHBIM TOMCKOM C JIIOOOI HaIepé 1 3aJaHHON TOYHOCTDIO €.

Cuepsa nHyzkHO Hajitn Touku [,r: P(l) <0, P(r) > 0.

for (1 = -1; P(1l) >= 0; 1 *x= 2) ;
for (r = +1; P(r) <= 0; r *= 2) ;

Terteps cOOCTBEHHO MOMCK KOPHSI:

while (r - 1 > ¢) {
double m = (1 + r) / 2;
(P(m) <071 : r) = m;
}

Bremmnuii MK/ MozKeT 6bITh 6eckoHeunbiM u3-3a norpemtoctu (I=10° r=10°+107% e=10"7)
YT00BI OH TOYHO 3aBEPIIHUJICH, TOCYUTAEM, CKOJBKO MBI XOTUM HTepanmii: k = log, T;l, u cjeaaemM
poBHO k mrTepanmii: for (int i = 0; i < k; i++).

[Towck Beex BeIIECTBEHHBIX KOPHEll MHOrOWIeHa crernenu n Oyaer B 6-if mpakTuke (cM. pasbop).

3.4. /IBa yka3areyd m omepamnuy HaJ MHOXKECTBaMU

MHuoxkecTBa MOXKHO XPAaHUTh B BUJIE OTCOPTUPOBAHHBIX MacCUBOB. HaJyimaue sjieMeHTa B MHOXKECTBE
MOKHO TIpoBepsATh ouHnonckoM 3a O(logn), a smeMeHTH IepebupaTh 3a JNHEHOe BpeMsl.

o

Taxke, 3Hast A u B, 3a inHeitHOe BpeMsi METOJIOM “/IBYX yKazareseil” moxuo naiitu ANB, AUB, A\ B,
00beTMHEHNE MYJIBTUMHOYKECTB.

B asbike C++ 310 oneparuu set_intersection, set_union, set_difference, merge.
Bce onn nmeror cuaTakCcHC k = merge(a, a+n, b, b+m, c) - c, IJie k — KOJUIECTBO 3JIEMEHTOB B OTBETE,
¢ — yKazarejb “KyJa COXpaHUThb pe3yabrar’. [laMsaTh 1Mo pe3yabrar J0/IKHbI BbIIEJUTh BbI CAMI.

[Ipumep npumenenue “IByX ykasaTeseil” Jijis MOUCKa ITepeceueHnsd.

Bapuant #1, for:

B[IB|] = +o00; // 6apbepHsit asmeMeHT

for (int k = 0, j = 0, 1 = 0; i < [A]; i++) {
while (B[j] < A[i]) j++;
if (B[j] == A[il) Clk++]

}

Ali];

BapuanT #2, while:

int i = 0, j = 0;
while (i < |A| && j < [|BI)
if (A[i] == B[jl) Clk++] = A[i++], j++;

else (A[i] < B[j]l 7 i : j)++;
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3.5. Xemr-radjuia

3asava: M3HA4YAJBLHO €CTh IIyCTOEe MHOYKECTBO IIEJIBIX YHCEJT XOTHUM yMETh OBICTPO JIEJIaTh MHOTO
onepalyii Bujia JJ00aBUTH 3JIEMEHT, YIAJIUTh 9JIEMEHT, ITPOBEPUTDH HAJIUYINE SJIEMEHTA.

MepjieHHOe pellleHne: XPaHuM MHOYKECTBO B BEKTODE,
add = push_back = O(1), find = O(n), del = find + O(1) (swap ¢ nociaeannmM u pop_back).

IIpocroe pemenmne: eciau v1eMeHTh MHOXKecTBa oT 0 1o 10°, 3aBeném maceus is [106+1].
is[x] = ecTn s vement x B Muoxkectse. Bee omeparun 3a O(1).

Pentenwne: xermr-rabymmia — CTPYKTypa JIaHHBIX, YMeEIoIasd JiejiaTh oneparun add, del, find 3a pan-
mommsuposannoe O(1).

3.5.1. Xemnr-tadjmia Ha CIIMCKAaX

list<int> h[N]; // cobcTBeHHO xem-Tabiuia

void add(int x) { hlx % N].push_back(x); } // O(1) & xynmen

auto find(int x) { return find(h([x % N].begin(), hlx % N]l.end(), x); }
// find paboTaeT 3a mIMHYy COHCKA

void erase(int x) { hlx % N].erase(find(x)); } // paboraer 3a find + O(1)

BumecTo 1ist MOXKHO MCHOIB30BATH JIOOYIO CTPYKTYPY JaHHBIX, Vector, WIN jJazke Xell-TaOIuILy.

Ecymm B xerr-rabsuiie KUBET 1 3JIEMEHTOB U OHU PABHOMEDPHO PACIIPE/IEJIEHBI IO CIIUCKAM, B KazKJIOM
CIIUCKE 3 3JIeMEeHTOB = npu 7 < N ¥ PAaBHOMEPHOM DAacIpeJIe/IeHIH 3JIeMEeHTOB, BCe Ollepaluil pa-
Gorator 3a O(1). Kak cmenars pacnpeiesienne pasaoMeptbiM? [lomobpars xopornyio xer-dyHKIwo!

VYmeeporcdenue 3.5.1. Ecimm N mpoctoe, To xem-pyHKINAA X — X % N JTOCTATOYHO XOPOIas.

Bes nokaszarenncrsa.

Ecnu nobaBiisats B Xer-tabJimily HOBbIE 9JIEMEHTBI, CO BpeMeHeM n craHeT OoJibiie N.
B sror MoOMeHT HYKHO TepeBbIIeUTh maMATb N — 2N u nepeiobaBUTh BCe IJIEMEHTHI Ha HOBOE
mecto. Bosbmém ¢ = —N = amoprusuposantoe Bpems yasoenus O(1).

3.5.2. Xenr-radjmna ¢ OTKPBITOI aapecaliueii

Peayiuzyercst na ojiHOM IUKJINYIECKOM MaccuBe. Xel-PyHKIUs UCHOJIB3YETCs, YTOObI MOJIYUUTh Ha-
JaIbHOE 3HadYeHue gdeiiku. /lasjee nBuraemMcst BIIpaBO, TOKa He HaJIEM g4eiiKy, B KOTOPON YKUBET
HaIll 3JIEMEHT WU CBOOOTHYIO AYEiiKy, Ky/la MOYKHO €r0 IMOCETUTD.

int h[N]; // cobcTeenno xem-Tabmiuia
// hl[i] = 0 : mycras sdeiira
// hli] = -1 : ymanéuHmil >I€MeHT
// h[i] > 0 : ;mexwuT 4YTO-TO mOIE3HOE
int getIndex(int x) { // mouck uHmerca mo smeMeHTy, Tpebyem x > 0

int i = x % N; // ucmompayeM xem-dyHKIWO

while (h([i] && h[i] !'= x)

if (++i == N) // MaccuB IUKINYeCKHUHI
i = 0;
return i;

}
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1. JobaBsienne: hlgetIndex(x)] = x;
2. YnajieHue: hlgetIndex(x)] = -1;, HY?>KHO ITOTPeOOBATDH x !'= -1, g9eiika HEe CTAHOBUTCA CBOOOIHOII.
3. Ilomnck: return h[getIndex(x)] != 0;

Lm 3.5.2. Ecimn B xemr-tabiiuiie ¢ OTKpBITOi ajipecanueit pasmepa N 3ansaro alN sueek, a < 1,
MAaTOXKUJIaHNe BpeMs paboTel getIndex e Hosee ﬁ

Joxazameavcmeo. Xymmuii ciiydail — X OTCYTCTBYeT B Xelll-TadJjuie. Bes3 jjokazarenbecTBa MMpeJio-
JIOXKUM, ITO CBOOOTHBIE TIEHKH IIPU XOPOIeil Xen-pyHKIIUN PACIIOIOKEHBI PABHOMEPHO.
Tora Ha KaxK10# UTepalyu IUK/Ia while BEPOATHOCTD “HE OCTAHOBKU pPaBHA (.

k

BeposgTHOCTH TOrO, YTO MbI He OCTAHOBUMC U TI0CTIe k aroB paBHa o) T0 eCcTh, ¢ietaeM k-it mar (He

o0

POBHO k 1maros, a nMenHo k-it!). Bpemst paboTel = MaToKuganue 4nucsia maroB = 1+ Y (BeposTHOCTD
k=1

TOrO, ITO MBI cresiaian k-it mar) = 1+ a + A+t = ﬁ |

e IlepennostHeHNE XeNI-TaOJINIIBI

[Ipu commmkoM OOJILIIOM (¢ OIEPaIliU € XEII-Ta0JIUIEH HAYMHAIOT PAbOTATH JIOJITO.
[Tpu oo = 1 (Her cBOGOIHBIX siueeK ), getIndex Gyer GECKOHETHO MCKATh CBOOOHYI0. UTo jesarh?
IIpu o > % yJIBAMBATD Pas3Mep U 3a JIMHEHHOEe BpeMs IepeI00aB/IsiTh BCE 3JIEMEHTHI B HOBYIO TaOJINILY.

[Ipu KommpoBaHUM, KOHEUHO, TpoiycTuM Bece —1 (yiKe yJIasiéHHBIE STUeliKi) = yAAJEHHbIE sTIefiKn
3aHUMAIOT JINITHIOI MaMATh POBHO JI0 OJIMKANIIETO E€PEBbIIC/ICHIS TAMITH.

3.5.3. CpaBHeHne

VY Hac ecTb JBa BapuaHTa Xer-tabsuibl. /laBaiite cpaBHUM.

ITycts MBI XpanuM z GaiiT Ha OOBEKT U 8 Ha yKa3aTellb, TOrJa Xe-TabInIbl HCIOIb3YIOT:
e Crucku (ecam poBHO n cruckoB): 8n + n(x+8) = n(r+16) Gaiir.
e Otrkpbitas ajpecanus (eciu 3anac B 1.5 pa3): 1.5n-x Gaiir.

Bpemsi paboThl: OTKPBITACS ajpecaliysi jieiaeT 1 mpocMoTp, crucku 2 (K CIHUCKY, 3aTeM K [ePBOMY
9JIEMEHTY) = CIIUCKU B JIBa pa3a JOJIbIIe.
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3.5.4. C++

B mmocax 3a4emM-TO peasm3oBaji Ha CIIMCKAX... HAIUIIATE CBOIO, OyieT ObIcTpee.

unordered_set<int> h; — xem-Tab/uia, XpaHsIas MHOXKECTBO int-oB.
Ucnonb3oBanue:

1. unordered_set<int> h(N); BbLIeJIUTH 3apaHee HaMsTh mod N gUeek

2. h.count(x); [IPOBEPUTH HAJMYINE T
3. h.insert(x); JI00aBUTH T, €CJIU y2Ke ObLI, HUYero He ITPOUCXOJIUAT
4. h.erase(x); VJIAJUTD X, €CJIU €r0 He ObLI0, HUYero He MTPOUCXOIUT

unordered_map<int, int> h; — xem-tabJmna, xpandmas pair<int, int>, mapsl int-os.
Wcnonb3oBanue:

1. unordered_map<int, int> h(N); BBLIeIUTH 3apaHee MaMATh 1MoL N dUeek

2. h[i] = x; -1 TYEHKON MOXKHO I0JIb30BaTh, KAK OOBITHBIM MaCCHBOM
3. h.count(i); €CTh JIU TIapa C [ePBOi MOJOBUHOM 4 (KJIIO 1)
4. h.erase(i); VJAJIUTh TIapy € HepBOii MOJIOBUHOI i (KJIHOY 1)

OrrHocuTbest K unordered_map MOXKHO, KAK K OOBITHOMY MACCHUBY C ITPOU3BOJIBHBIMY UHJIEKCAMU.
B Teopun sTa cTpyKTypa Ha3bBIBAETCA “aCCOIMATUBHBIN MacCUB: KaXKJIOMY KJIIOYY ¢ B COOTBETCTBUE
CTaBHUTCH ero 3uadenune hlil.
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Jlexkius #4: CTpyKTypbl JaHHBIX

25 ceHTSAOpsI

4.1. N3b6aBjsgeMcss OT aMOPTU3AINN

Cepbe3Hblil MIHYC BEKTOPA — aMOPTH3UPOBaHHOE BpeMs paboThl. Ceffdac Mbl MOAUMUIIUDYEM CTPYK-
Typy I[‘aHHbIX7 OHa HaqHéT LIyTb JOJIBIIIC pa6OTaTb, HNCIIOJIB30BaTh 9yYThb 60ﬂbﬂle HaMHTI/I, HO BpeMH
ozHoi oneparuu B xysmem oyiaer O(1).

4.1.1. Bekrop (perraem npobjemy, KOTJa CJIyIUTCS )

B Tor push_back, Korjia cTapblif BEKTOP a IMEPENOHIICS, BBIJIEIUM TaMATh 10 HOBBIN BEKTOD b,
HOBBII JIEMEHT IOJIOXKUM B b, KonmmpoBaTh a moka He Oyiaem. Coxpannm pos = |al|. VuaBapuant:
IIepBbIe POS JIEMEHTOB JIeyKaT B a, Bce ciefytomue B b. Kaxknpiit push_back 6ymem KonmnpoBaTh IO
OJTHOMY 3JIEMEHTY.

int *a, *b; // BoOeneHHHe 06ACTH MaMATH
int pos = -1; // paspenuTent CKONWPOBAHHON M He CKONMPOBAHHON dYacTel
int n, size; // KOINYECTBO 3JIEMEHTOB; BHIEJICHHAsS IaMATb
void push_back(int x) {
if (pos >= 0) b[pos] = alpos], pos--;

if (n == size) {
delete [] a; // mB ero yxe ckomupoBaiu, OH 6oJblle He HyXEH
a = b,
size *= 2;
pos = n - 1, b = new int[size];
}
b[n++] = x;

3

Kaxk mbr 3uaeM, new paboraer 3a O(logn), 310 HAC YCTPOUT.
Tem He MeHee B 3TOM MecTe ToxKe MOKHO monyanth O(1).

Lm 4.1.1. K MmoMeHTY n == size BEKTOp a IeJIUKOM CKOIUPOBAH B b.
Joxaszameavcmeo. Y nac ObLIO KaK MUHUMYM N onieparuit push_back, kaxkaas ymenbinasa pos. W

Omneparust obpalienus K i-My SJeMeHTy obparnaercs Ternepb K (1 <= pos 7 a : b).

Bpems na KommpoBaHW HE yBEJIMYUJIOCH. BpeMms obpallleHusi K i-My JIEMEHTY YyTb YBEJIUYUIOCH
(mumanit if). [amarn B cpepteM Tenepb HY:KHO B 1.5 pa3 6oJibliie, T.K. Mbl B KaKJIblii MOMEHT
XpaHuM U CTapylo, U HOBYIO BEPCUIO BEKTOPA.

4.1.2. BekrTop (pertaem npobJsiemy 3apanee)

Cretaem Tak, 9T00BI BpeMst OOpAIeHus K (-My 9JIEMEHTY He U3MEHUJIOCH.

MpbI1 HagHEM KOTMPOBATDH 3apaHee, B MOMEHT Size = 2n, KOTJia BEKTOP HAXOJIUTCH B HOPMAJIHLHOM CO-
crogauu. Hy>KHO K MOMEHTY O4epeIHOIO ITePEIOIHEHUS Oy YUTh KOIIUIO BEKTOPA B IIAMATH OOJIbIIIe-
ro pasmepa. 3a n push_back-oB JIO/KHBI yCIIeTh CKOIMPOBATH BCe size = 2n 3jieMeHTOB. [losTomy
6y/1eM KormpoBaTh 110 2 3jiemenTa. Korja B Takoif BEKTOP MbI 3aluchiBaeM HOBbIe 3HadeHus (a[1]=x),
HaM HYKHO 3allUChIBAThH B 00€ BEPCUU — U CTAPYIO, U HOBYIO.
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4.1.3. Xeni-radauma

Xer-TabJmra — eIé oJiHa CTPYKTYpa JIaHHBIX, KOTOpas [IPU IepernoiHeHnn yaBanBaercsd. K neit Moxk-
HO IPUMEHUTH 00a ONMUCAHHBIX 10Jx0oa. [Ipumenum repsbiit. YToObI 3TO c/eIaTh, JIOCTATOYHO Ha-
YUIUTHCs [IepedUpaTh BCE JIEMEHTBI XeI-Ta0 IUIbI U JO0AB/IATH UX MO OJHOMY B HOBYIO XEII-TaOJIHILY.
(a) MozkHO KpoMe XeI-TabJIuIbl JOTOJHITEbHO XPAHUTD “CIIUCOK JT0OABJIEHHBIX 3JIEMEHTOB.

(6) MoKHO MOJIB30BATHCS TEM, UTO YUCJIO s9eeK He Gojiee yeM B J1Ba pasa GoJIbIle Jhc/ia JeMeHTOB,
o3ToMy Oy/ieM repedbupaTrh d4eilKi, a U3 HUX BbIOUpaTh He mycThbie. HoBble 3/1eMeHTbI, KOHEYHO, MBI
OyeT 106aBJIATh TOJIHKO B HOBYIO XeI-TabJINILY.

4.1.4. Ovepeab ¢ MUHUMYMOM 4Yepe3 JIBa CTEKa

HaHOI\/IHI/IM, 9TO €CThb o4vepeab ¢ MUHUMYMOM.

Stack a, b;
void push(int x) { b.push(x); }
int pop() {
if (a.empty()) // cTek a 3aroHUMICSH, [Opa IEPEHECTH 3JIEMEHTH b B a
while (b.size())
a.push(b.pop());
return a.pop();

}

Bocrobayemcst BTOpbIM 110/1X0/10M “periaeM pobsieMmy 3apanee”. K MOMeHTY, KOr/la CTEK @ OIyCTeeT,
y HaC JI0JI2KHA ObITh y2Ke IoTOBa IlepeBEépHyTas Bepcus b. Bor obmuit mab/ion kKo/ia.

Stack a, b, al, bil;

void push(int x) {
bl.push(x); // xumaem He B b, a B bl, xommo b
STEP; // chenaThb HECKOJIBKO WATOB KOIUPOBAHUS

+

int pop () {
if (xommpoBaHume 3aBepLEHO)

a = al, b = bl, HavaTe HOBOe KOINPOBAaHUE ;

STEP; // chenaThb HECKOJIBKO WATOB KOIUPOBAHUS
return a.pop();

3

[Touemy HaM BoOOIIE HY?KHO KoImposaTh BHyTpu push? Ecim mbl genaem cuepsa 10° push, zarem
105 pop, K MOMEHTY BceX THX POp Y HAC YKe JOJIZKeH ObITh IIOATOTOBJICH JIIMHHLI cTeK a. Ecim B
TedeHne push MBI €ro He TOJATOTOBUIIN, €T0 B3ATb HEOTKY/IA.

[Ipyr KOmMpOBAHUM MBI XOTHM IOCTPOMTH HOBBIA cTeK al 1o crapbiM a u b ciefyromuM o6pasoM
(STEP cje/aeT HECKOJILKO IIAroB KaK pa3 9TOro KOJa):

while (b.size()) al.push(b.pop());
for (int i = 0; i < a.size(); i++) al.push(al[il);

SameTnm, 4TO a.size() OymeT MeHAThCA NPHU BbI30BaxX a.pop_back(). for mpoxomuT 3j€MEHTH a
cHHU3Y BBepX. Tak MOKHO JIeJIaTh, €C/IM CTEK a pean30BaH depe3 BeKTop 6e3 amopru3anuu. 113 kosa
BHJIHO, YTO KOIHPOBAHUE COCTOHT U3 |a| + |b| maros. Byaem momgep:kuBaeM HHBAPHAHT, 9TO [0
Havasa Kormposamus |a| > |b]. B xaxmgom pop Oyiaem jenars 1 mar Konmposaius, B KaxK/J0M push
takzke 1 mar. IIpoBepka nnBapuanTa 1ocse cepun push: 3a k mmyImeii Mbl ¢Jies1aan > kK KOIMPOBAHHUIA,
nosromy |ai| = |b1|. TIpoBepka KoppekTHOCTH POp: HOC/Ie TIEPBBIX |b| oneparuii mom Bee 31eMeHThI b
y7Ke CKOIIMPOBAJINCH, Jlajlee Mbl JOKOIMPYEM YacTh a, KOTopasl He HOJBepIIach pop_back-aM.
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4.2. BbunapHag Ky4a

Pacemorpum maccus all..n|. Ero smementsr o6pasytor GuHapHOe J1epeBo ¢ KOpHeM B 1.

Heru ¢ — Bepruner 24, 2i + 1. Orer ¢ — Bepruna, |3 .

Def 4.2.1. Bunapnas xkyua — maccus, uHdeKcv Komopoz2o o6pa3yom onucarhoe eviue depeso, 6
KOMOPOM 8EPHO OCHOBHOE CEOTUCTNEO KYyu: 04 KaHcOOT 8epuiunyl, i 3HaveHue ali] Aeasemes Munu-
MYMOM 6 noddepese 1.

Lm 4.2.2. Bricora kyuu pasna |log, n|

Jloxaszameavcmeo. BpicoTa paBHA JJIMHE TIyTH OT 7 JIO KOPHSI.
BaMeTnM, 4TO s Beex uncest or 2F no 281 — 1 jymma mytn B ToynocTH K. |

e Nnrepdeiic

Bunapuas kyua 3a O(logn) ymeer jenarh CJieLyoliyue oneparum.
1. GetMin(). Haxoxmenme MUHIMAJILHOTO SJIEMEHTA.
2. Add(x). HobapieHnue 3j1eMeHTA.

3. ExtractMin(). Ussnesenne (yganenne) MEHIMYMA.

Ecin myist snementoB xpangarces “obparhble ykazarean”’, nosposisioniue 3a O(1) nepexoaurs ot 3Jie-
MeHTa K sTueiike KydH, cojepzKaIieii sjement, 1o Kyda takxke 3a O(logn) ymeer:

4. DecreaseKey(x, y). YMEHBIIUTH 3HAUYEHUE KJIIOYA T JI0 Y.

5. Del(x). YaaauTh U3 Ky4u T.

4.2.1. GetMin, Add, ExtractMin

Peanmmsyem criepBa Tpu IIPOCTHIE OIEPAIINH.
Hama ky4a: int n, *a;. [lamars Bblzesiena, e€ JI0CTATOTHO.

void Init () {n=20; 1%

int GetMin () { return afl1l; }

void Add(int x) { al++n] = x, siftUp(n); }

void ExtractMin () { swap(al1], aln--]1), siftDown(1l); }
// DellMin mepern ymajneHuweM coxpaHui MuHEMyM B a[n]

31ech siftUp — IpOTaJIKUBaHUe 3JeMEeHTa BBEPX, a siftDown — IpoTaJKuBaHUe 3j1eMeHTa BHU3. O0e
IIPOIELyPbl CIUTAIOT, YTO JIEPEBO 00JI1a/1aeT CBOMCTBOM Ky4Hd Be3/le, KpOMe YKa3aHHOI'O 3JIEMEHTA.

void siftUp(int i) {
while (i > 1 && ali / 2] > alil) // mora Me He KOpeHB u OTel HAC 6ojble
swap(alil, ali / 21), i /= 2;
}
void siftDown (int i) {
while (1) {
int 1 = 2 *x i;
if (1 + 1 <= n && al[l + 1] < a[l]) 1++; // BHOpaTb MeHBWETrO U3 AEeTEH
if ('(1 <= n && al[l] < al[il)) break; // ecnu Bce meTu He MeHbIle HAC, 3TO KOHEI]
swap(alll, a[il), i = 1; // nepelitu B peb&Hka
}
}
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Lm 4.2.3. O6e nporeaypbl KOPPEKTHBI

Joxazamensvcmeso. 1o nnmykiun na npumepe siftUp. B KaxKipiit MOMEHT BpeMeHH BEPHO, |UTO I0/I-
JIepeBO ¢ — KOppekTHas Ky4a. Korja Mbl BbifijieM u3 while, y ¢ HeT pob/eM ¢ OTIIOM, [TO3TOMY BCS
Ky4a KOPPEKTHa U3 IPEJITOI0KEHNT KOPPEKTHO OBLIIO BCE KpoMe 7. [

Lm 4.2.4. O6e nporeaypst padborator 3a O(logn)

Jloxazameavcmeo. Ouu paboTaioT 3a BbIcOTy Kyun, Kotopas 1o 4.2.2 pasua O(logn). [

4.2.2. Ooparsblie cchliikn n DecreaseKey

JlaBaiiTe IpeIoIOzKUM, 9TO Y HAC €CTh MAacCHB 3Ha4YeHUii: vector<int> value.

B kyue OyneM XpaHUTH WHIEKCHI 3TOr0 MaccuBa. Torja Bce cpaBHenns ali] < al[j] ciemyer 3ame-
HUTH Ha cpaBHeHus depes value: valuel[a[il] < value[a[j]]. YrobbI j06aBUTH 9/IEMEHT, TEIEPH
HYKHO CIlepBa J100aBUTH ero B Kouell value: value.push_back(x), a 3arem cienars Jo0aBjeHNe B
kyudy Add(value.size() - 1). XpaHeHue WHJIEKCOB ITO3BOJISIET HAM JIJI KAXKJIOT0 1 IIOMHUTD 1TO3U-
mmto B Kyde pos[i]: alpos[i]] == i. 3nauenus pos[] HyKHO mepecINTHIBATL KaXKIbIil Pa3, KOTIa
MbI MeHsieM 3HaveHus a[]. Kak Teneps yaagmTs Tpon3BOJIbHBIN 9IeMEHT ¢ WHIEKCOM 17

void Del (int i) {

i = posl[il;

h[i]l] = h[n--1, pos[h([il] = i; // He 3abpuu O6HOBUTH pPOS

siftUp (i), siftDown(i); // HOBHIl 3IeMeT MOXeT OHTb X MeHbIle, U 6OJble
}

[Iponenypa DecreaseKey (i) menmaercs moxoxke: nepenun K pos [1i], cuenamu siftUp.
Lm 4.2.5. Del u DecreaseKey koppekTHbl u paboraior 3a O(logn)

Joxazameavemeo. Cremyer n3 KOppeKTHOCTH U BpeMeHn padboTsl siftUp, siftDown [ |

4.2.3. Build, HeapSort

void Build (int n, int *a) {
for (int i = n; i >= 1; i--)
siftDown (i) ;
+

Lm 4.2.6. Oynkmusa Build mocTpouT KOppeKTHYIO OUHAPHYIO KYy4Y.

Joxazamensvemeo. Korjia Mbl IpOTAJIKUBAEM ¢, 110 UH/IYKITUU CJIEBa U CIIPaBa y2Ke KOPPEKTHbIe Ou-
napuble Ky4n. [lo koppekTHOCcTH Ooneparun sift_down mocsie MpoOTaJTKUBaHUA ¢, TOJIEPEBO & SABJIS-
eTCsl KOPPEKTHO# OMHapHOM Kydeil. [ |

Lm 4.2.7. Bpewms pabors! dbyukimu Build O(n)

Jloxasameavcmeo. Ilyets n = 2F — 1, rorma mama Kyda — HosHoe OMHapHOe nepeso. Ha camom
nocieaneM (HuzkneMm) yposae Oymer 287! spementos, ma mpemmociennem 272 sjgemenTos u T
sift_down(i) paboraer 3a O(rTyOuHBI OJJIEPEBa ), TIOITOMY CyMMapHOe
k k
iy (%)
BpeMst paorsl | 2871 = 2837 L = 28 . ©(1) = O(n). (*) mokasamo Ha mpakTHKe. |
i=1 i=1
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void HeapSort () {

Build(n, a); // crpouM ouepemp ¢ MarcumyMmoM, 0(n)

forn(i, n) DelMax(); // MarcuMyM orKaxeTca B KoHIe u T.Zn., O0(nlogn)
}

Lm 4.2.8. Oyuknus HeapSort paboraer 3a O(nlogn), ucnosbsyer O(1) monoHUTETHHOM TAMSITH.
Joxazameavcmeo. Baxkno, aro dyHKIMg Build He KonupyeT MaccuB, cTpouT Kydy mpsmvo B a. M

4.3. Anjokanus nmaMsaTH

Ham gamm maOoro mamstu. A KonkperHo MAX_MEM Gaiit: uint8_t mem[MAX_MEM]. Mur — MeHezKep
naMsaT. JIo/2KHO BBIIEISITH, KOIJIa HaJI0, 0CBOOOXK IaTh, KOIJa IMaMATh 0OJIbIle He HyKHA.

Bapaya: peasm3oBaTh JaBe QyHKIIN

1. int new(int x) BBIJE/IsIeT X OailT, Bo3BpalaeT ajpec IepBoil CBOOOIHON sTaeiikn
2. void delete(int addr) ocBoboxK/1aeT MaMsTh, 110 ajpecy addr, KOTOPYIO KOIJa-TO BEPHY/ New

B O6meM Cny‘{ae 3a/ada CJI02KHaAd. CHepBa paCCMOTpI/IM HOHyHHpHoe penieHue 60Hee HpOCTOfI 3a/1a491.
4.3.1. Crek

Pa3pem1/1M OCBO60}K,H‘aTb He JIIO6yIO 00J1aCTH ITaMdATHU, a TOJIBKO IIOCJ/JI€JHIOIO BbIAEJIECHHYIO.
TOI‘,H,& CcJeJlaeM U3 MaCCHUBa mem CTEK: II€PBbIE PpOS AYECCK — 3aHdATad IaMAThb, OCTaJIbHOC CBO60,ZLHO.

int pos = 0; // ykasaTemnb Ha HepBYO CBOGOAHyDL HAYEHKY
int new(unsigned n) { // push n bytes
pos += n;
assert (pos <= MAX_MEM); // mpoBepuTh, UTO HaMATH BCE elE XBaTaeT

return pos - nj;
}
% void delete(unsigned old_pos) { // ocBobomwmu BCoH IaMsaTh, BHLEJIEHHYD C MOMeHTa old_pos
pA pos = old_pos; // ouummaTb MOXHO TOJBKO INIOCJIEAHKO BHIEIECHHYO
ho X

A kak yrangars? [IponsBosbHYIO HETB3s, & MOCTIEIHIO — IIPOCTO YMEHBIITUTD POS.

B C++ mpu BbI30Be (DYHKITUH, [IPU CO3/IaHUN JIOKAJIBHBIX IIEPEMEHHBIX UCIIOJIb3YeTCsI POBHO TaKas
JKe MOJIeJIb aJIJIOKAINN ITaMsITh, Ha3blBaeTCsl Tak:Ke — ‘crek’. MIHorma mmeeT cMbIC/I peaan30BaTh CBOi
CTEK-aJIJIOKATOP W MEPErPY3UTh IVI00AIbHBIN operator new, Tak Kak cTaHJapTHble STL-KOHTeTHePHI
vector, set BHyTpU MHOTO pa3 oOpaInaioTcs K MeJJIEHHOMY operator new.

[Ipumep, korma adpdexT onryTum: vector<vector<int>> a(10,000,000).
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4.3.2. Cucok

Emé onun gacTHbil pocToit ciaydait x = CONST, Bce BbljesisieMble T9eKN OJHOTO PasMepa.
Nnes: pazobbéM BCIO AMSATh HA KYyCKH 10 X OaliT, cBODO/IHBIE KYCKU 00Pa3yIOT CIIMCOK...

I[IycTs Halme ajpecyemMoe IpocTpancTBo 32-6urHoe, To ecTh, MAX_MEM < 232, Torna naBaiiTe ncxomnbie
MAX_MEM OaiiT namaTu pa3obbéMm Ha 4 Oaiita head m Ha k = L%j saeek 1o max(z,4) Gaiir.
Kakmasa us k gdeex mam cBoOOIHAs, TOTIa OHA — ‘yKazaTesb Ha CJSIYIONIYyI0 CBOOOIHYIO’, WU
3aHsiTa, TOTJIa OHA — “x OailT moje3Hoit madopmarun’. head — HaYaJIO CIKUCKA CBOOOHBIX siUeeK,

repBasi ¢cBoOOIHAs. VI3Ha9aIbHO BCe siaeiiku CBOOOIHBI U OObEINHEHBI B CIIMCOK.

const uint32_t size; // pasmep 6noka, size >= 4
uint32_t head = 0; // yxasaTenb Ha IepBHA CBOGOIHLIL 60K
uint8_t mem [MAX_MEM-4]; // d9acTh maMaATH, KOTOpPOil HONL3yEeTCS New
uint32_t* pointer (uint32_t i) { return (uint32_tx*) (mem+i); } // magic =)
void init () {
for (uint32_t i = 0; i + size <= MAX_MEM-4; i += size)
*pointer (i) = i + size; // ykasuBaeM Ha clexyomuil 670K
¥
uint32_t new() { // BepréT ampec B HameM 32-6UTHOM IPOCTPAHCTBE mem
uint32_t res = head;
head = #*pointer (head); // cunexmyomuit cBobomHHI 610K
return res;

}

void delete(uint32_t x) {
*pointer (x) = head; // 3amnucamu B sdediru [x..x+4) cTapuit head
head = x;

}

4.3.3. Kyua

MAX_MEM GaiiT namsaTu pasoObIOTCs Ha MOAPSJ] UIYIHe KYCKH CBODOIHOTO IPOCTPAHCTBA U ITOIPT
uJIyIme KyCcKrd 3aHSTOro rnpoctpancrsa. /laBaiiTe Bce Kycku CBOOOIHOIO MPOCTPAHCTBA XPAHUTH B
Kyde (B KOpHE MAaKCHMyM), CPaBHUBAIOIIEH KycKu 1o pasmepy. Kpome Toro Gyjem s KazKjioro
cBOGOJIHOrO UM 3aHATOr0/CBOGOIHOrO KycKa, OTpe3Ka [[..r] XpamuTh yKa3aTean Ha coceeil.

e xpannts 31 yrazarenu?! [lorpedbyem oT KyckoB, 9T00bI OHEU ObLIN XOTs ObI 8 baiiT. Bytem xpanuThb
ykazarenn (2 X 4 Gaiita) B Hauaae Kycka.

e Omneparus new(x).

Eciu B KOpHe Kydu MaKCHUMyM MEHBIIE T, HaMATh He BbIJICISCTCH.

Unave namsars soiaensercs 3a O(1) + (Bpems mpoceuwsanus Buuz B kyde) = O(logn).
e Omneparus delete.

Hy:kHO 0ObeMHUTL HECKOJIBKO KYyCKOB CBOOOJIHON TaMsaTH B ofuH (Hac U cocefieil). Ykazaren Ha
cocejieit Mbl 3HaeM. Kyte Hy>KHO yMeTb yIaJIATh U3 CEPEIUHBI, JIJIsi STOr0 MOJJIepKIUBaeM 00paTHbIE
CCBLIIKI.
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4.4. IlonosHsAeMble CTPYKTYPbI

Bce onucannnie B 3ToM pasaesie naenu NpuMeHNMbl HE KO BCEM CTPYKTYpPaM JJaHHBIX. TeMm He Menee K
JII000# CTPYKTYpe JII0OYIO U3 ONMUCAHHBIX UJIeil MOYKHO Nonpob06ams IMPUMEHNTD.

4.4.1. Huuyero — YaaJjeHue

Bun “nenusoro ymanenus’. [Ipumep: ky4a. Ectb oneparus DelMin, XOTHM OTIEPAITHIO Y/IAJEHUA TTPO-
MU3BOJILHOTO 3JIEMEHTa, HUYero He Jiejiad. DyjeM XpaHUTh JiBe Kydd — JI00ABJICHHBIE SJIEMEHTBI U
y/IaJIEHHbIE JIEMEHTHI.

Heap a, b;
void Add(int x) { a.add(x); 1}
void Del(int x) { b.add(x); 1}
int DelMin () {
while (b.size() && a.min() == b.min())
a.delMin(), b.delMin(); // mpomyckaeM yxe yIanEHHHE 3IIEMEHThHI
return a.delMin () ;

3

Bpems padorst DelMin ocTayioch TeM 2Ke, CTajJ0 aMOPTU3UPOBAHHBIM.
B xymmem ciaygae Bce DelMin B cymme paborator O(nlogn).
Bauem s1o Hy)kHO!? Hanpumep, std: :priority_queue.

4.4.2. Ilouck — YnaJjgeHue

Buy “nenusoro ymanenus’. Takum npuéMom Mbl yKe MOJIH30BAIUCH TIPU VIAAJIEHUU U3 XeI-TaOTUITbI
¢ OTKpPBITOI ajipecarueii. es: y nac ectb oneparud Find, oT/iMdHO, HAllJIEM 3/IEMEHT, TIOMETUM €TI0,
KaK YJIAJIEHHBIN. YIAJIATh MPsIMO ceifdac He OyJieM.

4.4.3. Add — Merge

Merge (causiame) — onepariusi, HOJIydaelas Ha BXOJ JIBe€ CTPYKTYPbI JIAHHBIX, Ha BBIXOJ JIAET OJIHY,
paBHYIO ux 00beuHeHn0. Ctapble CTPYKTYPhI O0bABIISIOTCS HEBAJIUTHBIMIU.

ITpumep #1. Merge IByX COPTUPOBAHHBIX MaCCHBOB.

IIpumep #2. Merge nByx Ky4. Ceifqac Mbl HAyIUMCH JI€JIaTh €ro OBICTPO.

e Nnesi. VY nac ectb oneparus j100aB/ICHUsT OJHOI'O 3JI€MEHTa, IepedepeéM Bce 3JIEMEHThI MEHbIIeH

CTPYKTYPHI JAHHBIX U JIOOABUM UX B OOJIBIIIYIO.

Heap Merge (Heap a, Heap Db) {
if (a.size < b.size) swap(a, b);
for (int x : b) a.Add(x);
return a;

}

Lm 4.4.1. Ecin Mbl HaumHaeMm ¢ & u jenaeM N OPOM3BOJIBHBIX onepanuii u3 muoxkecrBa {Add,
Merge}, dyuxims Add BerzoBetcst He 6osiee N logy N pas.

Jloxasamenvcmeso. TlocmorpuM Ha Koz u 3amernM, 49to |a| + |[b] > 2|b|, mosTomy st Kax0ro0 «,
nepeianaoro Add BepHO, UTO “pa3Mep CTPYKTYPBI, B KOTOPOW KUBET ', X0Td ObI yaBouyics = Vx
KosmmdyecTBo ornepanuit Add (x) ue 60see log, N = cymmapnoe yucio Bcex Add ue 6ostee N log, N. W
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4.4.4. Build — Add

XoTuM B34Th CTPYKTYPY JAHHBIX, KOTOpas ymMeeT TOJIbKO Build mn Get, HayunTh e€ Add.

e IIpumep 3amaun

CrpyKTypa JaHHBIX: COPTHPOBAHHBINA MACCUB.

[Tocrpoenne (Build): coprupoka 3a O(nlogn).

Banpoc (Get): KOIMIECTBO 37eMEHTOB o 3HadeHueM or L o R, nsa 6unnoncka 3a O(logn)

e Penitenue #1. KopHeBas.

CrpyKTypa JaHHBIX: XPAHUM JIBA COPTUPOBAHHBIX MACCHBA —
6oIBIIION @ (CcTapble 9JIEMEHTBI) U MaJIeHbKHIT b (HOBBIC 971eMeHThI), mojaepkuBaeM |b| < 4/|al.

Hosorit Get(L,R): return a.Get(L,R) + b.Get(L,R)

KUHYTH & B b; BbI3BaTh b.Build();
Add(x): :
ecan |b| crano Gosbine 4/ |a|, meperectn Bee 37eMeHTRI b B @ 1 BbI3BaTh a.Build ().

Samevarue 4.4.2. B nanHoll KOHKPETHOI 3a/1a1e MOXKHO BBI30B mepecoptupoBku 3a O(n logn) same-
HuTh Ha merge 3a O(n). B obmiem ciydae y HaC ecTb TOJIbKO Build.

O603Haunm Build(m) — BpeMmst paboThl QYHKIUE OT 1M 9JEMEHTOB, N = |al.

Mezkty aBymsa BerzoBamu a.Build() 6bu10o 4/n BBI30BOB Add = /N omepanuii Add orpaboranm 3a
O(Build(n) + v/n-Build(y/n)) = O(Build(n)) (mig Bbinykibix dyaknuii Build) = cpenee Bpems
paborbl Add = O(Build(n)/\/n) = O(y/nlogn).

e Pemmenue #2. llomosHsieMble CTPYKTYPBbI.

[Iycts y HAc ecTh cTpyKTypa S ¢ mHTepdeiicom S.Build, S.Get, S.Al1Elements. V Jjr060ro gmcia
N ecTb €IMHCTBEHHOE IIPEJICTABJICHIE B JIBOUTHON CUCTEMe CUUC/IEHUS G1as. . .a) g xpanenus N =
2014292 ... 4 2% 371eMeHTOB OyJIeM XpaHUTh k CTPYKTYp S u3 291,292 ... a% sneMeHTOB. k < logan.
Hoserit Get pabotaer 3a k - S.Get, obpamaercs K Kaxkjoir u3 k dacreit. Cuemaem Add(x). s
9TOro J00aBUM €MIé OJIHY CTPYKTYPY u3 1 synemenTa. Tenephb ciaenaeM Tak, 9ToObI He OBLIO CTPYKTYD
OJIMHAKOBOTO pa3Mepa.

for (i = 1; ecTb OBe CTPYKTypH pasMepa i; 1 *= 2)
JlobaBuM S.Build(A.AllElements + B.AllElements). // A, B - Te caMie ZBe CTPYKTYpH
YmanuM mBe cTapsle CTPYKTYPH

SaMeTI/IM, 9TO II0 CYTU MBDBI ﬂO6&BJ’I$I.HI/I K 9uCJIy N CANHUITY B ,ZLBOI/ILIHOIU/I cucreMe CHUCJICHUAD.

Lm 4.4.3. Ilyctps MBI HAYaIM C IyCTON CTPYKTYpPHI, ObL10 1 BbI3oBOB Add. Ilycth 3Tt n Add k£ pas
aépuayan Build: Build(aq), Build(as), ..., Build(ag). Torma Ele a; < nlogyn

Joxazamensvemeo. Korna smemenT npoxouT depe3 Build pazMep CTPyKTYPbI, B KOTOPOi OH KUBET,
yaBanBaeTcs. [losTomy KaxKkaplit © mpoitIeT depe3 Build He Oostee log, 1 pas. |

Lm 4.4.4. CymmapHOe BpeMsi 06pabOTKH 1 3ampocoB He 6ostee Build(n log, n)

Joxazamesvemeo. UToOBI TONYINTH 3TY JIEMMY U3 MPEIbLIYINEH, HY»KHO HAJOKATH OIPpAaHUIEeHUe
“BBINYKJIOCTH Ha BpeMs paboThl Build. [ |

Lm 4.4.5. Vk > 1,a; > 0: (3. a;)* > > aF (6e3 nokazarenscrsa)
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STa JIEMMa IIOCTYJIN eT “HO.HI/IHOMBI TaKM BBIITYKJIbBI, IIO9TOMY K HUM MOZKHO IIPUMEHUTH IIPE/Ibl -
Y. Y y ) y ADIILY

IIYIO JIeMMY .

P.S. [Ipumenenne ganHO# naen 1y COPTUPOBAHHOTO MacCHBa Oy/IeM HA3BIBATH “MOMOJHSIEMBbI Mac-

7

CUB".

4.4.5. Build — Add, Del

Hay4uuwm “nonosnsieMblit MaccuB 06pabaThIBATD 3aIIPOCHI .

1. Count(1l, r) — mocumrars unciio x: |l <z <r
2. Add(x) — 1006aBUTH HOBBIN 3JEMEHT

3. Del(x) — ynauTh paHee JOOABJEHHBIH /IEMEHT

st TOrO Oy/IeM XpaHUTD JBa “TOMOJHAEMBIX MAcCHBa’ — JI00aBJICHHBIE 9JIEMEHTHI, YIAJIEHHBIN 16~
MeHTBI. Korma Hac mpocdar caenarh Count, Bo3BpalaeM pa3HOCTh Count-oB 3a (’)(log2 n). Add u Del
paboraior amoprusuposarno 3a O(logn), Tak Kak BMecTo Build, KOTOPBIiT JIOMXKEH JEJIaTh SOT't, MbI
BBI30BEM Merge JIByX COPTUPOBAHHBIX MaccuBoB 3a O(n).
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Jlekmusa #5: CopTupoBKn

2 OKTsIOPsI

5.1. /IBa ykazaresisga u ajaroputm Mo

e 3ajjava: JaH MACCUB JJIMHBI 1 U M 3aIIPOCOB BHUIA

“KOJIMYIECTBO PA3JIMIHBIX 9nCeT Ha oTpeske [l;, ;)"

Ecm [; < ljyq,7; < rjp1 — 9TO OOBIYHBIN METOJ JBYX yKazaTeseil ¢ xemnr-tadsuneit BuyTpu. Perenne
paboraer 3a O(n + m) omnepanuii ¢ xerm-rabymreil. Takyo UIe0 MOXKHO NPUMEHUTH U K JIPYIHM
TUIAM 3a1pocoB. Jjist 3Toro gocTaTovHO, 3Hasl OTBET U IHOJIEP:KUBast HEKYIO CTPYKTYPY JAAaHHBIX,
JUIst OTpe3Ka (I, 7| HayIuThest OBICTPO JIEJIATh ONMEPAIN 1++, r++.

Ecin ke l; u r; npou3BoJibHBL, TO ecTb pertenne 3a O(ny/m), qaro,
koneuHo, xyxe O(n + m), no ropaszo jayimie obsraroro O(nm).

e Anroputm Mo

Bo-niepBoix, morpedyem Tenepb deTbhipe TUlla onepanmii: 1++, r++ 1-- r--.

Buas orser mis [l;, r;], noayaurs orBer st [l 1, 71| MoxKHO 3a |l —1;| + |ris1—r;| onepanmii.

Ocraioch epebuparh 3alpochl B IIPABUILHOM IOPSAJIKE, ITOOLI Zi(”iﬂ — L+ |rig1 — m) — min.
Yro6bl HOJYyYUTh MPABUJIBHBIN MTOPSAIOK, OTCOPTUPYEM OTPE3KHU 110 (L%J,m}, rjie k — KOHCTaHTa,
KOTOPYIO emé mpejicTont moxobpats. Ilocne copruposku maper (I;, ;) pasbumics Ha 7 Tpym (1o l;).

[TocmorpuM, Kak mensiercs [;. Buyrpm rpymmer |l — [;| < k, npm mepexofe Mexky TpyIIaMu
(mBrzkeHme TOJMBKO Biepén) . |l — l;| < 2n. Uroro mk+2n maros [;. IlocmoTpuMm, Kak MeHsieTCs
r;. BHyTpH rpynIb yKasaresb 1 CIeIaeT B CyMMe < 7 IaroB BIEpPE, IPH Hepexoie MexK Ly IPyIaMu
crenaer < n maros Hasaz. Mroro 2n% maros r;. Uroro ©(m + (mk+42n) + £n) oneparyuii.

Hon6upaem k: f + g = O(max(f, g)), npm atom ¢ poctom k  f =mk ", g = in\, =
ONTUMAJIBHO B3ATb k: mk = In =k = (n2/m)1/2 = n/m1/2 =
BpeMs paGoTel mk + Fn = ny/m + ny/m = obmee Bpems paboTer O (m 4 n4/m).
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5.2. KBaapaTudHbie COPTUPOBKM

Def 5.2.1. Copmuposka nasvieaemcsa cmabusvhoti, ecat 00UHAKOBHLE IAEMEHMDL OHA OCTNABAALTN, 6
UCTo0HoOM nopadke.

IIpumep: coprupyem Jojeit mo umenu. JI1on ¢ TOYKM 3peHnsi COPTUPOBKU CUUTAIOTCS PaBHBIMU,
€cJM y HUX OJMHAKOBOE MMsd. TeM He MeHee IOPsAJIOK JIOJeil B uTore BaxKeH. Bo Bcex Tabiimrax
(PYDJIIOK U T.J1.) COPTUPOBKHU, KOTOPBIE BbI IPUMEHsIETe K JIAHHBIM, CTabUJIbHbIE.

Def 5.2.2. Hnsepcus — napa i < j: a; > a;
Def 5.2.3. I — obosnauenue oas wucra unsepcuti 6 Maccuee
Lm 5.2.4. Maccu orcoprupoBan < I = ()

e Selection sort (coprupoBka BEIGOPOM )

Ha Ka2zKJIOM IIfare BbI6I/IpaeM MUHUMAJIbHBINA 9JIEMEHT, CTaBMM €I'O B HavaJIe.

for (int i = 0; i < n; i++) {
j = index of min on [i..n);
swap(aljl, alil);

}

e Insertion sort (coprupoBka BcTaBKamn)

[IycTs ipedpuke JJIMHBL ¢ Y2Ke OTCOPTUPOBaH, BO3bMEM @; U BCTABUM KYy/JIa HAJIO.

for (int i = 0; i < n; i++)
for (int j = i; j > 0 && al[jl > alj-11; j--)
swap(aljl, alj-11);

KoppeKkTHOCTD: 110 MH/TYKITUU TI0 § [ |
BaMeTnM, 9TO MOKHO YCKOPHUTH COPTHUPOBKY, MECTO JIJIsT BCTABKU MCKATh OMHIIONCKOM.

CoprupoBKa BCE PABHO OCTAHETCsl KBAIPATUIHOIA.

e Bubble sort (coprupoBka my3bIpEKOM)

Becnostesna. Nzyuaercs, kak jganb uctopuu. IIpocrasi.

for (int i = 0; i < n; i++)
for (int j = 1; j < n; j++)
if (alj-11 > aljl)
swap(alj-11, aljl);

KoppekTHocThb: Ha KaxKJ0# UTepalud BHEITHEIO MUKJIa 0YePEIHON MaKCUMAJIbHBIN 3JIeMEHT BCTAET
Ha CBOE MeCTO, “BCILIBIBAET .

e CpaBHUM IIPOIJ€HHbIE COPTUPOBKU.
Hazpanme < swap stable
Selection ~ O(n?) O(n)
Insertion O(n+1I) O(I)
Ins + B.S. O(nlogn) O(I)
Bubble O(n?) O(1)

Tpu HmkHME cTAOUIBHBI, T.K. SWap NPUMEHIETCd TOJIBKO K COCeJIsIM, 00pa3yIomuM nHpepcuio. Ko-
JIMIEeCTBO swap-oB B Insertion pasno I (kKax/plii swap poBHO Ha 1 ymeHbimaer I).

+ + +

YeM 11eHHA COPTUPOBKA BBHIOOPOM? sSwap MOKET ObITh J0poroil oneparueii. [Ipumep: mMbr copTupyem
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103 TxEIbIX JUIdg swap 00LeKTOB, He UMesd JOIIOJIHUTEILHOM ITaMsTH.

Yewm nenna coptupoBka BctaBkamu?! Mastast kKoncranta. CaMas ObIcTpasi 110 KOHCTaHTE.

5.3. Omenka cHU3y Ha BpeMs COPTUPOBKH

[IycTh /1 COPTUPOBKM OOBEKTOB HaM Pa3perieHo o0ImaThCs ¢ 3TUMHU OObEKTaMU €IUHCTBEHHBIM
crtocobOM — CpaBHHUBATH UX Ha GoJibile/Menbie. Takue COPTUPOBKU HA3BIBAIOTCS OCHOBAHHVIE HA
CPaSHEHUAL.

Lm 5.3.1. CoprupoBka, OCHOBaHHasi Ha CPABHEHUsX, JefaeT Ha BcexX Tectax o(nlogn) cpaBHeHmit
= J Tect, Ha KOTOPOM DPE3YJIHTAT COPTUPOBKHN HE KOPPEKTEH.

Joxazameavcmeo. Hokazkem, uro d TecT Buga “‘nepectaHoBka’. Beero ectb n! pasnmmdHbIX mepecTa-
HOBOK. [lycTh coprupoBKa jemaer He Oojtee k cpaBHeHmit. 3acTaBUM e€ Jie/laTh POBHO k CpaBHEHMI
(BO3MOXKHO, HECKOJIBKO 6eCronie3nbix). Pesymbrar Kaxgaoro cpasaenns — Menbine (0) win Gosbrie
(1). Copruposka mosydaer k 6ut uHMGOPMAIMN, U PE3YIbTAT €€ paboThl 3aBUCHT TOJBKO OT ITUX K
our. To ecTb, ecim JyIg ABYX IePECTAHOBOK OHA IOJIYYMT OJHU M Te Ke k OUT, OJHY M3 3TUX IBYX
IePeCTAHOBOK OHA OTCOPTHPYeT HempasmibHo. CopTHpoBKa KoppekTHa = 28 > nl.

2% < n! = copruposka e KoppexTHa. OcTasoch BenoMHUTD, UTo log(n!) = O(nlogn). [ |

MbI JoKa3a/Il HUsHCHIOW OUuenky Ha BPeMs PabOThI IIPOU3BOJILHON COPTUPOBKHU cpaBHeHHAME. JloKa-
3aJIH, 9T Jobast AeTepMuHIpoBamnas (6e3 UCIOoIb30BAHUS C/IyIallHbIX YHCeI) KOPPEKTHAsS COPTH-
poBka geraer xorsa 6ol §2(nlogn) cpaBrenuii.
5.4. Pemntenue 3a7a4u 10 MIPOJEeHHBIM TeMaM
Sagaga: J1aHbl JgBa MACCUBa, COJEpXKAlllie MHOXKECTBA, HANTH pa3Mep lepecedeHusl.
Pemtenus:

1. OrcoprupoBaTh HEPBBI MacCUB, OMHIIONCKOM HaiiTu s1eMeHThl BToporo. O(nlogn).

2. OrcoprupoBarh 00a MaccuBa, Hpoiitu aByms ykasareasmu. O(sort).

3. DJIeMEHTBI OJJHOTO MACCHUBa MOJIOKHUTH B XeII-Tab/IUILy, HaJMIue 3JIEMEHTOB BTOPOrO IIPOBEPUT.
O(n), HO Tpebyer O(n) JONIAMSITH, U UMEET OOJIBIITYI0 KOHCTAHTY.

5.5. BrIcTpble COPTUPOBKH

Mgt y2ke 3HaeM onHy coptupoBky 3a O(nlogn) — HeapSort.
OTmeTnM eé 3aMedaTe/bHbIe CBOMCTBA: HE UCIIOIb3YeT JONOJIHUTEILHOM TaMATH, JeTePMAHIPOBAHA.

5.5.1. CountSort (mogac4yérom)

Lespie uncia ot 0 10 m — 1 MoxkHO orcoprupoBath 3a O(n + m).
B uacrrocTr mesbie guciao or 0 10 2n MOKHO oTcopTHpoBaTh 3a O(n).

int n, aln];
for (int i = 0; i < n; i++) // O(n)
count [x]++; // HacuuTanm, CKOIBKO pa3 & BCTPEYAETCHA B @

for (int x = 0; x < m; x++) // ©O(m), nepebpamu = B IOpsAKe BO3PAaCTaHUI
while (count[x]--)
out (x) ;
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Mper y2ke JJoKa3a/m, 9T0 COpTHPOBKH, OCHOBAHHBIE Ha CPABHEHUSAX He MOryT paborars 3a O(n). B nan-
HOM CJTyvae MbI TIOJIb30BAJIUCH omepaliieil count [x] ++, gdeifku MaccuBa count yrmopsIoueHbl TAK¥Ke,
Kak 1 gnciaa. VIMeHHO 9TO J1aéT ycKOpeHwue.

5.5.2. MergeSort (ciusiHTEM)

Nnes: orcopTupyeM JIeBYIO MOJIOBUHY MACCHUBA, IIPABYIO MOJIOBUHY MACCHUBA, COJIBLEM JIBA OTCOPTUPO-
BaHHBIX MaCCHUBa B OJIMH METO/IOM JIByX yKa3aTeJseil.

void MergeSort(int 1, int r, int *a, int *buffer) { // [1, r)
if (r - 1 <= 1) return;
int m = (1 + r) / 2
MergeSort(l, m, a, buffer);
MergeSort(m, r, a, buffer);
Merge(l, m, r, a, buffer); // cuusuue 3a O(r—Il), ucnonbayem 6yddep

3

buffer — momnosiHWTENBHAS NAMSATh, KOTOpas HyxKHa (QyHKIN Merge. Dynkius Merge Oepér oT-
COpTUPOBaHHbBIE KYCKH [[,m), [m,r), 3amycKaeT MeTO IByX yKasareJeil, KOTOPbIii 0TCOPTHPOBAHHOE
obbeuHenre 3anucbiBaer B buffer. 3arem buffer konupyercst obparso B all,r).

Lm 5.5.1. Bpems paborsr O(nlogn)

Hoxazamesvcmeo. T(n) = 2T(5) +n = O(nlogn) (10 macrep-Teopeme) [

e HepekypcuBHasi Bepcusi 6€3 KONUPOBAHUS MaMATHU

OcraBuM Ty 2Ke TpoLeypy Merge, repenuiiemM TOJIHKO PEKYPCUBHYIO (PYHKITHIO:

int n;
vector<int> a(n), buffer(n);
for (int k = 0; (1 << k) < n; k++)
for (int i = 0; i < n; i += 2 * (1 << k))
Merge (i, min(n, i + (1 << k), min(n, i + 2 * (1 << k)), a, buffer)
swap (a, bufffer); // O(1)
return a; // pe3ynbTaT COLEPXUTCS HMEHHO TyT, yKa3aTelb MOXET OTINYATbCSH OT HCXOLHOTO
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5.5.3. QuickSort (peaJsibHO GbICTpAast)

N nes: BeibepeM Hekuii x, pa3oObEM HAIll MACCUB @ Ha TPU YaCcTU < X, = T, > X, CJICJIAeM JIBa PEKypP-
CUBHBIX BBI30Ba, 9TOOBI OTCOPTHPOBATDH IEPBYIO U TPETHIO YACTU. Y TBEPXKIACTCHA, UTO COPTHUPOBKA
Oy/ieT OBICTPO pabOTaTh, €C/IH KaK & B3SITh CJIYyJIalHbBIN 9JIEMEHT a

def QuickSort(a):
if len(a) <= 1: return a
x = random.choice (a)

b0 = select (< x).
bl = select (= x).
b2 = select (> x).

return QuickSort(b0) + bl + QuickSort (b2)

DTOT ICEBIOKO/I OMMCHIBAET ODOIILYIO M0, HO OOBIYHO, U4TOOBI QuickSort ObLaa peajbHO OBICTPOIt
COPTHPOBKO#, NCIIOIB3YIOT JAPYTYIO BEPCUIO Pa3jieleHis MacCUBa Ha JaCTH.

Kox 5.5.2. BeicTpslit partition.

void Partition(int 1, int r, int x, int *a, int &i, int &j) { // [l,r], = €a[l, 7]
i=1, j = r;
while (i <= j) {
while (al[i] < x) i++;
while (aljl > x) j--;
if (i <= j) swap(ali++], alj--1);
}
}

Drtor BapuaHT pasbuBaer oTpe3ok [[, 7] Maccusa a na wacru [l, 7](j,1)[Z, r].
Samevarnue 5.5.3. all,j] < x, a(j,i) = x, ali,r] > x
Samevanue 5.5.4. Anroputm He BbIiieT 3a npesesst (I, 7]

Jloxasameavcmeo. x € a[l, r], mosToMy BbIIOIHATCH XOTsA 661 ouH swap. [locie swap
BepHo [ < i > j < r. Bosee roro a[l] < x,a[r] > x = nukisl B crpokax (4)(5) ne oty 3a l, . W

Kom 5.5.5. CobcTBeHHO KOJT OBICTPOI COPTUPOBKU:

void QuickSort( int 1, int r, int *a ) { // ‘[1, rl¢
if (1 >= r) return;
int i, j;
Partition(l, r, alrandom [1, rll, i, j);
QuickSort (1, j, a); // j < i
QuickSort (i, r, a); // j < i

+

5.5.4. CpaBHeHHEe COPTUPOBOK

Hazsanme DBpewms space stable
HeapSort  O(nlogn) ©O(1) -
MergeSort O(nlogn) ©O(n) +
QuickSort  O(nlogn) ©(logn) -

Uurepecen Bompoc cyIecTBoBaHus CTabWIbHON coprupoBku, paboratorieii 3a O(nlogn), He ucmnosib-
3YIOIIEH JOMOTHUTE/IbHYI0 TaMAThb. Cpeu yKe n3yvIeHHbIX TAKOW HeT.

Takast coprupoBka cymecrsyer. Ona mosrydaercs: Ha ocHoBe MergeSort u merge 3a O(n) 6e3 momo-
HuUTebHOI mamsitu. Ha mpakTuke Mbl HaydmMcst Jiesiath inplace stable merge 3a O(nlogn).
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5.6. (x) Adaptive Heap sort

Henb gannoro 6J10Ka, TPeAsBUTEL XOTs Obl OJIHY COPTUPOBKY, OCHOBAHHYIO HA CPABHEHUSX, KOTOPAas B
XyJIieM, KOHedHO, 3a ©(n log 1), HO Ha TIOYTH OTCOPTUPOBAHHBIX MACCHBAX PAbOTAET CUITHHO OBICTpEE.

5.6.1. (x) MoandumupoBanubiiit HeapSort

Paboraer 3a O(nlogn), Ho 6biBaer ObicTpee. CHavasa nocrpoum Kydy h 3a O(n), a eme co3gaanm
Kydy KaHIuaaToB Ha MuHHMaIbHOCTh C. II3navanpno C' cofiepKUT TOIBKO KopeHb Kyun h. Tenepb
n pa3 JenaeM: x = C.extractMin, gobaBisieM X B KOHEI| OTCOPTHPOBAHHOI'O MacCCHBa, J100ABIISEM B
kydy C gereii x B Kyde h. Pasmep kyun C' B Xyamen ciaydae MozKeT Obith 22+, 1o B syumenm (Kora
MUHUMAJIbHbIE 9JIEMEeHThl B Kyde h Jjiexkar B nopsiyike obxona dfs-a) on He mpesbrmaer logn = Ha

HEKOTOPBIX BXOJ[aX MOXKHO JOOUThCs BpeMeHu paborsl nopsiaka O(nloglogn).

5.6.2. (*) Adaptive Heap Sort
Anzopumm cozdan 6 1992 200y.

Bepém MaccuB a u peKypcUBHO CTPOUM OMHAPHOE JI€PEBO: KOPEHb = MUHUMAJIbHBIN 9JIEMEHT, JIEBOEe
[IOJAEPEBO = PEKYPCUBHBIN BBI3OB OT JIEBOII ITOJIOBUHBI, IIPABOE IIO/JIEPEBO = PEKYPCUBHBII BBHI30B OT
1paBoii mojioBuHbI. [lomydennblii o0bekT obJiataer cBoiicTtBoM Ky4uu. Ha camMom jese, Mbl TIOCTPOMIIH
JIEKapTOBO JIepeBo Ha napax (z;=t, y;=a;). 3 IPOCTO aJrOPUTM CO CTEKOM MOCTPOEHHUs JeKapTOBa
nepeBa 3a O(n), Mbl €0 U3yUUM BO 2-M CEMECTDe.

Hcnonb3yeM Ha JeKapToBOM JepeBe MoanduimpoBanubii HeapSort u3 mpeapiayimnero myHKTa.
Ectb 11Be onenku Ha CKOPOCTH PabOTHI 3TOTO Uy/Ia.

Teopema 5.6.1. Eciiu B MaccuB MOKHO pa3duTh Ha k BO3PACTAIONIUX IOJIIOCIEI0BATE/ILHOCTEN, B
Kyde KaHJ/IJAaTOB HUKOI/Ia He OyaeT Oosee k 371€MEeHTOB.
Caedemeue 5.6.2. Bpems padorsr O(nlog k).

Teopema 5.6.3. O6o3na1MM k; — KOJIUIECTBO KAHMIATOB Ha i-M 1mare, Torga » (k;—1) < I,
rie [ — KOJIM4ecTBO MHBEPCHil.
Caedcmeue 5.6.4. Copruposka paGoraer 3a O(nlog(1+[1])).

Teopema 5.6.5. BJiok — 0Tpe30K MOIAPS, CTOANIUX JIEMEHTOB, KOTOPbIE B COPTUPOBAHHOM TIOPSJIKE
CTOSAT BMECTE M B TAKOM 2Ke TopsiJiKe. Ec/in HAIll MacCUB MOYKHO IIPEJICTABUTH B BUJI€ KOHKATEHAIIUN
b 6s10k0B, TO Bpemst coprupoBku O(n + blogb).

5.6.3. (x) Cchlakn
[AdaptiveHeapSort]. Levcopoulos and Petersson’92, tam ke Jioka3aHbl BCE TEOPEMBI.

PROCEDURE Adaptive Heapsort (X: sequence).

Construct the Cartesian tree ¢(X)
Insert the root of €(X) in a heap
for i :=1to n do
Perform ExtractMax on the heap
if the extracted element has any children in (X} then
Retrieve the children from €(X)
Insert the children in the heap
endif
endfor
end
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5.7. (x) Kirkpatrick’84 sort

Hayuammcest coprupoBath n nesbix ducen u3 npomexyTka [0, C') 3a O(nloglog C).

Tyt 227" < €' < 22°, okpyrmu Beepx 10 22" (loglog C' ysemmumcs ne Gosee dem ma 1).

Ec/iu 4nciia J0cTaTouHO KOPOTKHE, OTCOPTUPYEM UX TOJCUETOM, HHaue Kaxjoe 2°-6urHoe uucio x;
npejicTaBuM B BUJie JABYX 2 l-6uTHbIX nonoBun: z; = {a;, b;).

Otcoprupyem OTIETBHO a; U b; PEKYPCUBHBIMEI BBI3OBAMU.

vector<int> Sort(int k, vector<int> &x) {
int n = x.size ()
if (n == 1 || n >= 2°{2°k}) return CountSort(x) // za O(n)
vector<int> a(n), b(n), as, result;
unordered_map<int, vector<int>> BS; // xem-Tabiuna

for (int i = 0; i < n; i++) {
ali]l = crapmme 2F~! 6mr x[il;
bl[i] = mmagmme 2! 6mr x[i];

BS[a[il].push_back(b[il); // mna raxmoro al[i] xpamum Bce mapuse ¢ HuM b[i]

}

for (auto &p : A) as.push_back(p.first); // xpaHuM BCe @-WKZ, Kaxzayo 1 pas

as = Sort(k - 1, as); // orcoprupoBanu Bce alil

for (int a : as) {
vector<int> &bs = BS[al]; // Temeppr HyXHO OTCOPTHPOBAaTH BEKTOp bs
int i = max_element (bs.begin(), bs.end()) - bs.begin(), max_b = bs[i];
swap (bs[i], bs.back()), bs.pop_back(); // ymamunu MaxCUMaibHbI >SJIEMEHT
bs = Sort(k - 1, bs); // oTcopTupoBamu BCE KpoMe MaKCHMyMa
for (int b : bs) result.push_back(<a, b>); // Bemucamu pesynbTaT 6e3 MakCHMyMa
result.push_back(<a, max_b>); // oTmenbHO HOOABUIN MAaKCHMAJbHHN 3IEMEHT

}

return result;

3

Ornennm Bpemst paborst. T'(k,n) = n+ Y . T(k — 1,m;). m; — pa3Mepsl 1o13a/1a4, PEKYPCHBHBIX
BBI30BOB. BCIOMHMM, 9TO MBI M3 KasKJI0I'0 CIUCKA bS BHIKUHYJIN 1 3JEMEHT, MAKCUMYyM =

> mi=las|+ > (|bsal = 1) =) [bse| =n

[nybuna pexkypcuu He 60s1ee k, Ha KaxKJI0M ypOBHE PEKYPCUU CYMMAaPHBIH pa3Mep BceX IMo/3a/1a9 He
6ostee n = cymmapnoe Bpems padborsl O(nk) = O(nloglog C).

2Kajib, HO Ha TTPaKTUKe U3-3a 0O0J/IBINON KOHCTAHTHI XeMI-TaOJIUIIbI TPEUMYIIECTBa Mbl HE ITOJTY M.
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5.8. (*) inplace merge 3a O(n)

5.8.1. (x) Kparko npo merge(A,B)

* pasbuwmun A u B na kycku jymunsl k = [y/n], N = |A| + | B]
* ecm |A| nnm |B| He JesuTes, XBOCT, IEPEHECEM B KOHET,

* oTCOpTUPYEM KYCKH COPTHPOBKOI BHIGOPOM, CpaBHUBas KyCKH IO IIEPBOMY 3JIEMEHTY, IIPU PaBEH-
crie 1o nocyeaaemy. O(k) swap-os, O(k?) cpasuenuii. cymmapnoe Bpems pabotsr O(n).

* BoI3pIBacM Kiaccudeckuit merge(1,2) merge(2,3) merge(3,4) ..., HCIONB3Ys TOCJIETHAE JBa KYCKA,

kak Oyddep (asementor 6yddepa He TOTEPSIOTCs, eC/in BMECTO IPUCBAUBAHUS JIeJIaTh SWap )

* orcoprupyem 3a kBajpar Oyddep u orpesaHHbIe XBOCTEI (He Gostee deM 4k 31eMeHTOB )

* ocrasnch JUIMHHBIT 1 KOPOTKUiT MaccuB, HayunMcd nenath merge(a, b) 3a O(|al + |b]?) — wmewm

JVUHEUHBIM IIOUCKOM C KOHIIa Kylda B a4 BCTaBUTDb HOCJ'IG,H,HI/IIZ JIEMEHT b, BCTaBJIdAEM, MEHAA OJIOKH
MeCTaMU.
* MBI JIBa pa3a BOCIIOJIb30BaJIUCh T€M, 9YTO YMeeM MEHATH MeCTaMu OJIOKH. 9TO 3 reverse-a.

5.8.2. (*) Bepcus u3 pasbopa mpakTUKN

Hamr merge(a, b) nHe Oymer cTaOUIBHBIM.
IIyctes k = \/|a| + |b|. Pa3obbém @ u b Ha KycKn 1o k 9JIEMEHTOB.

Ecmu y a ocrancsa xBoct, cienaem swap(tail(a), b) c¢ momompbio rotate.

Tenepnb y Hac ectb num < k OTCOPTUPOBAHHBIX KYCKOB TI0 k 3JIEMEHTOB M XBOCT, B KOTOpoM oT () j10
2k — 1 snemenTtoB. Ecu B xBocTe MeHbIIe k 9/IEMEHTOB, JI0OABUM B HEr'O MOCJICTHUN KYCOK JIJIMHBI K,
Ternephb JJINHA XBocTa oT k 10 2k — 1.

OTcopTHpyeM num KyCcKOB COPTUPOBKOIT BBIOGOPOM 3a num? +num - k, cpaBHIBad KyCKH IO TIEPBOMY
sj1eMenTy. Bpems paboTel: num? cpaBHEHHUI 1 nwm oleparyii swap.

Camoe BaxkHOe — merge ¢ Oydepom:

void minimerge (int *a, int *b, int *buf) {
for (int i = 0; i < k; i++)
swap (buf [i], al[il);
swap (a, buf);
// Temepb MepIXuM KyCKM IJIUHH Kk #3 a u b B buf
for (int i = 0, j = 0, p = 0; p < 2 * k; p++)
swap (buf[p]l, i == k || (j < k && b[j]l < alil) ? bl[j++] : ali++]1);
3

MoxkHO K JIByM COCEHUM KyCKaM JIJIMHBI k MPUMEHUTH minimerge, MCIOJIB3Ys XBOCT, KakK Oydep.
Nmenno iyt 9Toro JIMHY XBOCTa MBI CJIeJIaid HE MEHbIIe k.
[TockoJIbKY MBI JIUITH SWap-aeM, 3JIEMEHTHI XBOCTa He MPOTAJIH, a ITPOCTO MEePEMENIAINCH.

Apec HaUAIa HAIIIETO MACCUBA — @, I-if KyCOK HAUUHAETCA B 4+ 1 -k, XBOCT HAUUHACTCA B a+num-k.

void sort () A
for (int i = 0; i < num - 1; i++)
minimerge(a + i * k, a + (i + 1) * k, a + num * k);

}
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YVTBep:KieHue: 1mocje Bbi3oBa sort () nepsbie k - num 3JIeMEHTOB OTCOPTUPOBAHDI.
OcTa/ioch Kak-TO CMEP/IZKUTH ¢ XBOCTOM, B KOTOPOM I 3JIEMEHTOB.

(a) lemaem swap HOC/IEIHUX T 3JIEMEHTOB U T 3JIEMEHTOB TI€PE]] HUMI.

(b) Coprupyem 3a KBaJpaT HOCIETHAE TIEPe]] XBOCTOM JBa KyCKa JJINHBI k.

(c) Boi3biBaeM emg pas merge.

(d) Coprupyem 3a KBaJIpatr MOCIeIHIAE 2T SJIEMEHTOB, BCe OCTAJIbHbIE He GOJIbIIIE.
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5.9. (x) 3D Mo

(Ta xke 3aja4a, 910 jyist Mo, TOJBKO Terepb MACCUB MOYKET MEHSATHCH)

B Offline mambr MaccuB JUIMHBL 1 U ¢ 3aIIPOCOB JIBYX THIIOB:

e get(l;,r;) — 3ampoc Ha OTPe3Ke

e alk;] = x;, — HOMEHATH 3HAYEHNE OJHOI'O 3JIEMEHTa MaCCUBA.

[Tycrs mbl, 3uas get(1,r) B a, ymeem 3a O(1) naxoaurs get (1+1,r+1) Bauget(l,r) Ba =a
C OJIHUM M3MEHEHHBIM 3JIEMEHTOM (HAIpUMeEp, 3alpOC — YUCJIO PA3TMIHBIX YHCET Ha OTPE3KE, & Mbl
XpaHuM 4acTOThl 4nces unordered_map<int, int> count;).

Pemmenne B 7106 padoraer O(ng). Mbl ¢ Bamu pentum ObIcTpee.

IIycrs 2-it 3anpoc umeer tui get. MoxKHO paccMaTpuBaTh €ro HaJ, UCXOAHBIM MaCcCUBOM, HO OT TPEX
napamMeTpos: get(l,r,i) — crepBa IpUMEHNUTH LIEPBBIE { U3MEHEHUI, 3aTeM c/e1aTh get. 3aMmerny,
aro Mbl 38 O(1) mepecunTeiBaTh get, ecm Ha 1 TIOMEHATH [ WIH T W 1.

e Anropurm

Badukcupyem KoHcTanThl £ 1 . OTCOPTUPYEM 3alPOChl, CPABHUBAS UX 110 (L%j, Léj 7).
Mexxk 1y 3ampocamu OymeM nepexoanThb 3a Ai + Al + Ar.

e Bpems pabotbl

> Ai = qr + 2q (BHYTpU GJIOKOB TIO 7 + MeXKy OGJOKAMH)
> Al =qy+2n? (Bayrpu 6710K0B 10 [ + MexK Iy GI0KaMm 110 [ * 9HCI0 GI0KOB 110 4)
ST Ar = 2n L% (ABUZKEMCS IO BOSPaCTAHNsA * Ha THC/I0 OJIOKOB)

T = @(max(%q, q(x+y)), BO3bMEM T,y %‘1 = q(z+y) & n*=zy(r+y) = v=y=0(n?3),|T = @n?/

e OnrTuMusanumn

B nBa pasa MOxkHO ycKopuTh (yOparh BCe KOHCTAHTHI 2 U3 BPEMEHH PabOThI), depeiyst MOPSAIKN
BHYTPHU BHEITHUX W BHYTPEHHUX OJIOKOB — CIIEPBA 110 BO3PACTAHUIO, 3aT€M 110 YOBIBAHUIO W T.]I.

5.9.1. (%) IIpumensiem aysa mex

Def 5.9.1. mex(A) =min(NU {0} \ A).

IIpmvep mex({1,2,3}) = 0, mex({0,1,1,4}) = 2.

Bajiata — mexr Ha OTpe3Ke MeHsolerocs Maccusa B offline.

Unes sbime nossosger pemmts 3a O(gn?/3logn): xpome unordered_map<int,int> count HyKHO
emé nojyiepKuBaTh Kyuy (set) {x: count[z] = 0}.

3 3ampocos Buna add/del u

V6epém smmmit log. 1 9TOro 3aMeTHM, 4To K Kyde y Hac Gyuer qn®/
b g 3anpocos getMin. Ceituac Mbl 1 TO, n TO o6pabarbiBaeM 3a log, nonydaem gn?/3-log 4-¢-log.
Ucnosnb3yeM BMeCTO Kydn “KOpHeBYIO' (cM.HuKe), 4roObl nojyunth add/del 3a O(1), getMin 3a

O(n'/?), momyunm qgn?/? -1 + q-n'/? = O(gn??).

° KOpHeBaﬂ AJisd MUHAMYMa

Xorum XpaHuTh auanason nejasix quces [0, C).

Pazo6bém gmamaszon na v/C' Kyckos. B KaszKIOM XOTHM XPaHHTDL KOJHUCCTBO THCEL.
add/del uncia r — oOHOBJIeHHE CUETINKOB count [z] u sum_in_block[L\%J] .

get — naiiTu nepebopom 6J10K ¢: sum_in_block[7] > 0 u BuyTpm 6s10Kka = : count [x] > 0.
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Jlexius #6: CopTupoBku (IIpo/IoJ2KeHre )

7 OKTSAOPSI

6.1. Quick Sort

e [iryObuHa

MoxKHO J1e/1aTh He JiBa PEKYPCUBHBIX BBI30BA, 8 TOJBKO OJIMH, OT MEHBIIEH JacTu.

Torna B xy/mem ciaydae gormamsars = riaybunaa = O(logn).

Bwmecto Broporo Bei3oBa (ly,13) caemaem 1 = 1y, r = ry, goto start.

e Bei6op

Ha mpakTuke m B 73 MBI TIOKA3a/Id, 9TO MPHU JIOOOM JETEPMUHIPOBAHOM BBIOODE T WU JayKe Kak
ME/IUAHBI 3JIEMEHTOB JIIOOBIX TPEX (DUKCUPOBAHHBIX 3JIEMEHTOB, 3 TECT, HA KOTOPOM BPEeMs PAOOThI
copruposku O(n?). Yrobbl Ha jo6om Tecre QuickSort paboran O(nlogn), Hy»HO BLIOUpDATL X =
alrandom 1..r]. Tem He MeHee, TaK KaK paHJIOM — MeJJIeHHAast (DYHKIUsA, UHOT/A JIJIT CKOPOCTHU
[UIIYT BEPCHUIO 6€3 paHIoMa.

6.1.1. Onenka BpeMeHHN PadOTHI

Bynem onenuBath QuickSort, ocHOBaHHBIN Ha partition, KOTOPBIN JIEJIUT 3JIEMEHTHI HA (< :1:), x,
(> ). TakeKe MBI IpEIOIATAEM, YTO BCE SJIEMEHTHI PA3/IHIHbI.

e J/lokazaTeabcTBO #1.

Teopema 6.1.1. T'(n) < Cnlnn, tne C =2+¢

Zloxazameavcmeo. JlokaxkeMm 110 WHJTyKITHH.
Cuauasa pacruiem 1'(n), Kak cpejiHee apudMeTHIecKoe 110 BCeM BBIOOpaM .

Tn)=n+1 Y (T(i)+T(n—i—1)=n+2Y T(i)

1=0..n—1 =0

Bocrosib3yemest MHIyKITMOHHBIM TIPEJITOIOKEeHneM (MHIYKIws Ke!)

n—1
%Z (Cilni) = QCZ (¢1n7)
1=0

Ocrajiock oneHnTh MPOTUBHYIO cyMMy. llpotie Bcero aTo cienarh, mnepeiijis K UHTerpaJLy.

)_l

n—

SEIN

Il
o

7

n—1

> (ilni) </ ilnidi
i=0 1

1

1?) =zl

Taxoit maTerpas 6epérca o dactsaM. MBI TpocTO yrajiaeM OTBET (%xQ Inx —

T(n) < n+2(En’nn—1in*)—(0—1)) =n+Cnlnn—2n+2¢ = Cnlnn+n(l1—$)+o(1) = F

Kaxkoe xe C' Boibpats? Mot xotum F' < Cnlnn, 6epém C' > 2, nmpodur. [ |
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e J/lokazaTesibCTBO #2.

Bpewmst paboThl BEPOSITHOCTHOTO AJITOPUTMa — CpeJiHee apudMeTUIecKoe 10 BceM panjiomam. Bpewms
QuickSort mporopimona bHO YuCIy cpaBHeHmit. Yuc/io cpaBHEHUIT — cymMMa 1O BCeM mapam ¢ < j
XapaKTEePUCTUIECKON (DYHKITUN “CPABHUBAJIM JIX MBI 9TY Tapy’, KaxKJIyIo Tapy Mbl CpaBHUM He 0oJiee
OJTHOTO pa3a.

£ TO=5 > Qisti) =3 (7 > is6.5) = )_ Pricpavnemna(i, j)

['ne Pr— BeposatHOCTE. OCTAIOCH OTIEHUTD BEPOSITHOCTD. J[J1s1 9TOT0 cKazkeM, 9TO y KazKJI0T0 9JIeMEHTa
€CTb ero MHJIEKC B OTCOPTUPOBAHHOM MacCCHUBE.

2
j—i+1

Lm 6.1.2. Pr{cpasuenusi(i, j)| = upu i < j

oxazamensvemeo. CpaBHUTBCS ¢ U J MOT'YT TOJIBKO, €CJIM IIPU HEKOTOpOM Partition BwIOOpD mas Ha
onuH u3 HuX. Pacemorpum JiepeBo pekypenu. [locmorpum Ha camyto riiybGOKyio Bepriusy, [l,7) BCé
elré COJEPKUT U i-if, u j-if s7eMenThl. Bee ssementsr ¢ + 1,7+ 2, ..., 7 — 1 Takxke cozmepxarcs (T.K.
i M j — MHJIEKCHl B OTCOPTUPOBAHHOM MAaCCUBe). { M j pasjiejarcd = Partition Beibeper ojuH u3

Jj — i+ 1 snementos orpeska [i, j|. C BepogTHOCTHIO 3_? 7 OH COBIAJET C { WIK j, TOIJa U TOJIbKO

TOTJIa © U j CPaBHATCH. |
2 _ 1

Ocranock nocunrare cymmy 35 ;=7 =23, 3 5, 77 < 2(nlnn 4+ O(n)) |

6.1.2. Introsort’97

Ha ocroBe Quick Sort MoxkHO ¢iesiaTh OBICTPYIO JIETEPMUHIPOBAHHYIO COPTUPOBKY.

1. Hemaem Quick Sort or N snemenTon
2. Ecim r — [ me 6ostee 10, nepekiodaemcs Ha Insertion Sort
3. Ecmm rmybuna 6omee 31n N, nepekiodaemcst Ha Heap Sort

Takaga coprupoBka HasbiBaeTcda Introsort, B C++: : STL ucno/b3yeTcs UMEHHO OHA.
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6.2. IlopssiaKOBBIE CTATUCTUKN

3ajiavua moucka k-il mopsiIKOBOI CTATUCTUKU (DOPMYIUPYETCsI CBOUM MPOCTEHINUM peIleHrneM

int statistic(a, k) {
sort (a);
return alk];

6.2.1. OgsoBerounsblii QuickSort

Benomuum peasmzanuio Quick Sort 5.5.5
Quick Sort = BeiOpaTh x + Partition + 2 pekypcuBHbIX BbI3oBa Quick Sort.
Bynem nemats Tombko 1 peKypCUBHBIN BBI3OB:

Koxa 6.2.1. IlopsijikoBasi cTaTUCTHKA

int Statistic( int 1, int r, int =*a, int k ) { // [1, r]
if (r <= 1) return;
int i, j, x;
Partition(l, r, x = alrandom [1, r]], i, j);
if (j < k & k < i) return x;
return k <= j ? Statistic(l, j, a) : Statistic(i, r, a);

3

JleficTBUTEIEHO, 3a9€M BBI3bIBATHCSI OT BTOPOIl ITOJIOBHHBI, €CJIM OTBET HAXOUTCA MMEHHO B IIE€PBOii?

Teopema 6.2.2. Bpewmst paborst 6.2.1 pasao O(n)

Joxazameavemeo. C BepOATHOCTHIO % MBI IIOI&/JIeM B 3JIEMEHT, KOTOPLIH JIC2KUT BO BTOPOil TpeTu
COPTUPOBAHHOTO MaccuBa. Toria nociie Partition pa3smepbl KyckoB OyayT He 6ojiee %n Ecan xe ne

HOIAaJIN, TO pa3Mepsl He 6oJiee 71, BEPOATHOCTD TOTO % Uroro:
T(n)=n+ %T(%n) + %T(n) = T(n) =3n+ T(%n) < 9n = O(n) m

Samevanue 6.2.3. Mbl Moz ObI IOBTOPHUTH JI0Ka3aTe/1bCTBO 6.1.1, Torma HaM HY2KHO ObLIO OBI OIle-
HuTh cyMMy » | T'(max(i,n — i — 1)). DT0 TeXHUIECKH CI0XKHEe, 3aT0 JAI0 Obl KOHCTAHTY 4.

6.2.2. /letepMUHUPOBAHHBI AJITOPUTM

Statistic = BeiOpaTh = + Partition + 1 pekypcuBHBII BBI30B Statistic.
YroObI 9TOT aJIrOPUTM CTaJ JIETEPMUHIUPOBAHHBIM, HY?KHO XOPOIIIO BBHIOUDATH .

e Ulnesti. PazoObeMm n 3/1eMEHTOB Ha I'PYIIILI 110 5 3JIEMEHTOB, B KaXKJI0#l IpyIIlie BHIOEPEM MeJIMamy,

U3 HOJIyYEHHbIX ¥ MEJMaH BbIOEPEM MeJIUaHy, 9TO U €CThb .
Ymeeporcdenue 6.2.4. Ha maccuBe JjiuHbI 5 MenaHy MOXKHO BbIOpaTh 3a 6 CpaBHEHMIA.

HOCKOJ'H)Ky us3 5 MEHbIIINE 10 He 6oJIblIIe T, XOTd OBl 1—?;)71 9JIEMEHTOB HMCXOJHOI'O MaCCHUBa He€ 0oJtee
3

BBIOpAHHOTO . AHAJIOTUYIHO XOTS ObI 157! 3/IEMEHTOB HE MeHee BbIODAHHOTO . 9T0 3HAYHUT, UTO HOC]IE

A 7 .
Partition pasmepnl KyCKOB HE OyJjIyT IIPEBOCXOJIUTE 157. Teneph oneHnM BpeMst pabOThl alrOPUTMA:

n n

T(n) <62 +T(2)+n+T(5n) =22(n+ Sn+ (19—0)2n +...)=22n=0(n) ]
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6.2.3. C++
B C++::STL ectb ciejyionue pyHKIUT

1. nth_element(a, a + k, a + n) — k- craTucTuka Ha ocHOBe ojHOBeTOouHOrO Quick Sort. ITo-
cJ1e BbI30Ba (DYHKIMH k-5 CTATHCTUKA CTOUT Ha CBOEM MeECTe, CJieBa MEHBIINE, CIIPaBa OOJIbIIIHE.
2. partition(a, a + n, predicate) — Partition mo npousBoJIbHOMY MpEJTUKATY.

6.3. Integer sorting

3a cuéT Jero moJryvdaeTcs Iesble YUCIa COPTUPOBATH OBICTPee UeM ITPONU3BOIbHBIE OOHEKTHI?

Vk omeparus jejieHust HaIeaI0 Ha k: x — L%j COXpaHsIeT MOPAIOK.

Ecim MbI X0TUM COPTUPOBATH BEIIECTBEHHDBIE YUC/IA, JTaHHBIE ¢ TOYHOCTHIO +£, UX MOYKHO IIPUBECTU
K IeJIBIM:. JOMHOXKHUTH Ha % 1 OKPYIVIUTDB, IIOCJIE Y€ro COPTUPOBaTh LEJIbIE.

6.3.1. Count sort

Hasaiite ucrnosib3yem yzxe usBectrblii Ham Count Sort, 4To6bl cTabUIBHO OTCOPTUPOBATE MAPbI (a;, b; )

void CountSort(int n, int *a, int *b) { // 0 <= al[i] < m
for (int i = 0; i < nj; i++)
count [a[i]]++; // ckombko pa3 BcTpedaeTcs

// posl[i] - ‘mo3sumus Havama Kycka OTBeTa, COCTOAmMEro w3 map <i, 7>°
for (int i = 0; i + 1 < m; i++)

pos[i + 1] = pos[i] + count[i];
for (int 1 = 0; i < n; i++)

result [pos[alil]l++] = {alil, bl[il}; // Hyxs=a mommaMaTs!

3

BaxkHo TO, 9TO COPTHPOBKA CTAOMJITBHA, U3 TOTO CJEyeT HAIll CJAETYIONNN aJrOPUTM:

6.3.2. Radix sort
Orcoprupyem n crpok Jymabl L. Cumsos crpoku — nejoe quciio u3 [0, k).
e AJITOPUTM: OTCOPTUPYEM CIIEPBA IO MTOCIEIHEMY CHMBOJLY, 32TEM TI0 TIPEJIIIOCTeTHEMY U T./I.

e KoppekTHOCTB: MBI COPTUPYEM CTAOUIHLHOI COPTUPOBKOI CTPOKH 110 CUMBOJIY HOMED 7, CTPOKHU

y»Ke OTCOpTUPOBaHbI 1o cumBosiaM (i, L]. VI3 crabuibHOCTH ¥MMeeM, 9TO CTPOKH DPABHBIE IO i-My
cuMBOJLY ByJIyT OTCOPTUPOBAaHbI Kak pas 1o (i, L] = Tenepb ¢TpoKu 0TCOPTUPOBAHBI 110 [i, L].

e Bpems paborbi: Mbl L pa3 BbI3Basu coptupoBky mojcaérom = O(L(n + k)).

Tenepsb 3amernM, ato Vk wmcso uz [0,m) — crpoka munbl log, m Haz anxdasurom [0, k).
[Tpu k = n nosnyuaem Bpemst paboter n[log,, m].

6.3.3. Bucket sort

[1aBHAs Wjest 3aK/II0YAETCsI B TOM, 9TOOBI YHC/Ia OT min JI0 max pa3buTh Ha n GakeToB (MAKETOB,
KapMaHOB, Kop3uH). UncsioBast npsiMast ObETCS HA 1 OTPE3KOB PABHOI JUIMHBI, i-if OTPE30K:

. i . . i+1 .
[min + % (max—min+1),min 4+ “(max—min+1))
. T;—min .
Kaxcoe unceno x; monagaer B oTpesok Homep i; = | ——r-n|. BakeTsl yiKe ynopsajodeHnr: Bee
gncsia B 0-M MeHbIne Bcex ducest B 1-M u 1.7, OcTasoch yHIOpsIouuTh 9ucIa BHYTPH OaKeTOB. DTO
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MOXKHO ¢JIeJIaTh Wik Bbi30BoM Insertion Sort (ajaroputm B.I.), 41066 MUHUMU3UPOBATH KOHCTAHTY,
WM peKypcuBHBIM BbizoBoM Bucket Sort (asroputm B.B.)

Koxa 6.3.1. Bucket Sort

void BB( vector<int> &a ) {
if (a.empty()) return;
int min = *min_element(a.begin(), a.end());
int max = *max_element(a.begin(), a.end());
if (min == max) return; // yXe OTCOPTHpPOBAaH
vector<int> b[n];
for (int x : a) {
int i = (long long)n * (x - min) / (max - min + 1); // =HoMep GakeTa
b[i].push_back(x);
}
a.clear();
for (int i = 0; i < n; i++) {
BB(b[i]); // oTcoprupoBamu Kaxzmmii 6aKeT PEKyPCHUBHEM BH30BOM
for (int x : b[i]) a.push_back(x); // cunoxunu pe3ynbTaT B MacCuB a
}
}
Lm 6.3.2. max — min < n = u BB, u BI paboraior 3a O(n)
Joxazameavcmeo. B KaxKI0M peKypCHUBHOM BbI30Be max — min < 1 [ |

Lm 6.3.3. BB padoracr 3a O(n[log(max—min)])

Jokxazamensvemeo. BeriieHne npouCXouT npu N > 2 = JJIMHA JUAITA30HA COKPAIIACTCA KaK MU-
HUMYM B JIBa pa3a = IyIyOuna pexkypcun He 6osee log. Ha Kaxk10M ypoBHE PEKYypPCUU CyMMapHO He
boJiee N JIEMEHTOB. [ ]

Samevanue 6.3.4. Ha camom gesie emé ObIcTpee, TaK KaK YMEHbBIIIEHHE He B 2 pa3a, a B N pas.

Lm 6.3.5. Ha maccuBe, creHepupOBaHHOM PaBHOMEDHBIM pacipejiesieruemM, Bpemsi BI = O(n)

% Z (Zz kZQ): rae k; — pa3Mep ¢-ro Dakera.

random

Jlokasamenvcmso. Bpewmst paborer BI: T'(n) =
BaMeTI/H\/I 9TO Z ]f2 — YUCJIO IIap dJIEMEHTOB KOTOPBLIX COBIIaJI HOME 6aKeTa
) it P Y p p .
n n n n n n
1 2 p— 1 y == ) f— l ) . == , . f— ) . == , .
R Z ( E ,kz) =R E ( E E [Zﬁ“ ij]) = E E (R E [Zh 232]) = E E Pr[zh 2]2]
random 7 random j1=1 jo=1 j1=1jo=1 random J1=172=1

OcTamoch MOCYUTATH BEPOSITHOCT, IIPU J1 = Jo MOJIy4YaeM 1, pu j; # jo MOIyUaEM % U3 paBHOMeEp-
nocrn pacupesenenus T'(n) =n-1+n(n—1)-+ =2n—1 = O(n). Iomyuunn TouHOE CPE/HEE BPEMsI
paboTsl BI Ha CiIy4JailHBIX JAHHBIX. [

6.4. Van Embde Boas’75 trees

Ky4va maz nesbivu auciaamu u3s [0, C'), ymeroras Beé, aro mogobaer ymers Kyde, 3a O(loglog C).
HpH OIIMCaHUU Ky4U €CThb Ye€ThbIpE NPUHIUIINAJIBHO PA3HBIX CJIydad:
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1. MbI XpaHuUM IIyCTOE MHOYKECTBO

2. MpbI XpaHuM POBHO OJHO YHUCJIO

3. C <2

4. Mubr xpanum xots Obl gaBa dncia, C' > 2.

[TepBbie Tpu BbI paszbepéTe caMOCTOSITEIHLHO, 3/IeCh Ke JIeTaJIbHO OICaH TOJIBKO 4-ii cirydaii.
Iycrs 22 < € < 22, oxpyrimm € seepx g0 22" (loglog C' ysemmumncs ne 6ouee uem una 1).
Ocuorast njest — npomexkyTok [0, C') pa3burs Ha V/C kyckos gt v/ C'. Takske, kak u B BucketSort,
i-it Kycok comepaxut uucaa u3 [iv/C, (i+1)v/C). Bamernn, VC = V225 = 227,

Tenepsb ormrem Kydy yposHs k > 1, Heap<k>, xpansiiyto uncia u3 [0, 22k).

T W N =

struct Heap<k> {
int min, size; // OTHenpHO XpaHWM MUHMMAJBLHEI 3JIEMEHT U pa3Mep
Heap<k-1>* notEmpty; // HoMepa HEmyCThHX KyCKOB
unoredered_map<int, Heap<k-1>*> parts; // cob6CTBeHHO KyCKHU

};

e Kak 1o6aBuUTh HOBBIN 3JIeMEHT?

Homep kycka 1o uncity x: index(x) = (x >> 2°{k-1});

[t
— O © 00O Uik Wi -

—_

void Heap<k>::add(int x) {
// size > 2, k > 2, pasbupaeM TOIBKO HMHTEPECHHH Cciydain
int i = index(x);
if parts[i] is empty
notEmpty->add (i) ; // moaBumicsa HOBHII HEIYCTON KYyCOK, LejlaeM PEKypPCHUBHbBIE BH30B
parts[il->add(x); // O(1)

else
parts[i]->add(x); // peKypCuUBHEHI BH30B
size++.
min = parts[notEmpty->min()]->min(); // mepecumrars mummmmym, O(1)

}

Bpewmst paborsl pasha rirybute pexypenun = O(k) = O(loglog C).

e Kak ynaiutp 3jieMeHT?

O © 00O Uk Wi+

—_

void Heap<k>::del(int x) A

// size > 2, k > 2, pasbupaeM TOIbKO HHTEPECHHH Cciydait

int i = index(x);

if parts[i]->size == 1
notEmpty->del (i) ; // Xycok cTam IyCThM, [ejlaeM DPEKYPCHUBHHE BH30B
parts[i] = empty heap

else
parts[i]->del (i)

min = parts[notEmpty->min()]->min(); // nepecumrars mummmmym, O(1)

}

Bpemsi paborbl n anajm3 Ttakue ke, Kak npu jobasienun. [loydaercs, Mbl MOXKEM yJIaJUTh He
TOJIbKO MUHUMYM, a IPOU3BOJILHBIA s1eMenT 110 3uadenuto 3a O(loglog C').

7KaJjib, HO Ha TTPaKTUKE M3-3a OOJIBIIONH KOHCTAHTHI XeI-Ta0 NIl TPEUMYIIIECTBA MbI HE TIOJTY THM.
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Jlekuma #7: Kyun
16 oxkTsIOpst

7.1. HmkHdA4 olleHKa Ha MOCTpoeHrne OMHAPHON Kydn

Mur Y2Ke ymMmeeM JJaBaTb HUZKHHE OIEHKMN Ha YHCJIO CpaBHeHI/Iﬁ BO MHOT'HX aJI'OpUTMaX. BGS,ZLe 9TO
JIeJIAJIOCh 110 OJTHON M TOM 2Ke cxeme, HalpUMep, Jis COPTUPOBKU “HaM HYXKHO pa3jmdarb n! mepe-
CTAHOBOK, TI09TOMY HYZKHO czesiath xord 06l log(n!) = ©(nlogn) cpaBnenuit”.

B ciyuae nocrpoenns GuHapHON Ky4dn OT IE€PEeCTaHOBKHU, CUTYyalldsd CJIoKHee. KcTh HeCKOJIbKO BO3-
MOYKHBIX KOPPEKTHBIX 0TBeToB. O603HaunM 3a H (n) KOJIMIECTBO MEPECTAHOBOK, SIBJISTFOIIUXCS KOP-
pekTHOI O6uHapHOit Kyd4eit. [Iporeaypa mocrpoerns OMHAPHON Kydn MepeBOANT J0Oyo u3 n! mepe-
CTaHOBOK B KaKyIO-TO U3 H (n) 1epecTaHoBOK, sIBJISIONIAXCA Kydeil.

Lm 7.1.1. H(n) = #7 rjie size; — pasMep MojIepeBa i-il BepIuHbl Kyqn

Jloxazameavcmeo. Ilo munykmun. [ +r =n—1.

Hn) = (H—T)H(Z)H(T) (e S R B (/o ) H,-Z'

l 1! HieL size; HieR size; HieLuR size; ize;

B nociennem nepexojie Mbl JJ00ABUJIM B UUCJIUTENb 1, & B 3HAMEHATEb SL2€.00t = M.

Teopema 7.1.2. JI1060it KOPPEKTHBII aJITOPUTM HTOCTPOCHUST OUHAPHON KyUHU JI€JIAeT B XYJIIIEM CJIy-
qae He MeHee 1.364n cpaBHeHMIt

oxazameavcmeo. Ilycth ajmropurm sesiaer k cpaBHEHWMIA, Torja oH pa3buBaeT n! mepecTaHOBOK Ha
2% kmaccos. Kiace — Te mepecTanoBKH, Ha KOTOPBIX HAII aJTOPUTM OJMHAKOBO CPabOTaeT. 3aMeTuM,
9TO aJTOPUTM JIEeJTAIONINI OJTHO W TO K€ C Pa3HBIMU IEPECTAHOBKAMU, Ha BBIXOJIE JIACT Pa3Hble Tepe-
cTaHoBKU. Ec/in x; — KOJIMIECTBO JIEMEHTOB B 1-M KJIaCCe, KOPPEKTHBIN aJITOPUTM TIEPEBEJIET 3TU X;
[I€PEeCTaHOBOK B ; PA3JIMIHBIX OMHAPHBIX Kyd. [losTomy

z; < H(n)
|
U3 ), | oo = n! mvMeem max;_y_or 7; > 5. MToro:

H(n) > maxx; > oyl > ok Hsizei = k> Zlogsizei

k 1, size; = 2F

PaccMoTpuM ciydaii mosiHoro 6unapnoro jgepesa n = 28 — 1 =

> log size; = (log 3)™+ + (10g}7)"TJrl + (log15)™ + . = (n+ 1)(t83 % + 10%_615 +...).
[Tpu n — +oo BemuMHA % UMeeT MpeJiest, Bbraucjaenne mepsbix 20 ciaaraeMbrx jgaér 1.36442 . ..
1 OomuOKYy B H-M 3HAKE IIOCJIe 3alsITOI. |
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7.2. Min-Max Heap (Atkison’86)

Min-Max kyua — Inplace cTpykTypa JaHHBIX, KOTOpas CTPOUTCS Ha HCXOJHOM MACCHBE U yMeeT
nesath Min, Max 3a O(1), a Takxke Add n ExtractMin 3a O(logn).

SamMeTnM, 9TO MBI MOTJIH OBl IPOCTO 3aBECTU JIBe Ky4W, OJHY Ha MUHUMYM, BTOPYIO Ha MaKCHMYM,
a MeXKJIy HUMU XPaHUTb 0OpaTHbIe CChLIKK. MHUHYCHI 9TOIO pelieHnsi — B JiBa pa3a 0oJIbIle MaMATH,
IIPUMEPHO B JIBa pasa 00JIbIle KOHCTAHTA BPEMEHH.

Jetn B Min-Max kyde Takue »Ke, Kak B OMHapHOU ¢ — 21, 2¢ + 1.
NuBapnanT: Ha KaK/OM HEYETHOM YDOBHE XPAHHUTCS MUHUMYM B
HoJI/IepeBe, Ha KaXK/OM Y€THOM MaKCHMyM B Iojjepese. B kopme
h[1] xpanurcs MuanmyM. Makcumywm canraercs Kak max(h[2], h[3]).

. . 3l 10
Omnepanuu Add un ExtractMin Takke, Kak B OMHAPHOI Kyde BbIPa- & )‘%
Jkafores gepe3 SiftUp, SiftDown. i) G) Gy @

e SiftUp

[IpeanosioxkuM, 9TO BepIIMHA ¥, KOTOPYIO HAM HYXKHO IOJHATH, HAXOJUTCH HA YPOBHE MUHUMYMOB
(IpOTUBOMOJIOKHBIN corydail anasoruden). Torma 5, OTeIl v, HAXOJUTCA Ha yPOBHE MAKCHMYMOB.
Bo3MOKHBI cite/1yIolume CUTYaIn:

1. 3nauenne y v HeGoJIbIle, YeM y OTIA, TOrJa JenaeM oobranbiit SiftUp ¢ marom 4 — 7.

2. Nnadge MengeM mecTaMu v 1 2, U u3 2 nesraem oobraubrii SiftUp ¢ marom 7 — %.
2 2 Z

Bpemsa pabotsr, ouesnano, O(logn). Anropurym ciemaer He 6omee deM 4 + 1 cpaBHeHHe, TO €cTb,
IIPUMEPHO B JiBa pas3a ObicTpee SiftUp oT oObIYHON OUHAPHON KydH.

¢ Koppekraocts SiftUp.

Ecim ner KoHGIIUKTa ¢ OTIOM, TO BCs IIENOYKa OT ¢ C IaroM asa (i, §, TIEEE ) HE MMeeT KOH(MJIMKTOB

¢ TENOYKOi ¢ marom JiBa oT oTia. [locie swap BuyTpu SiftUp kondukT He nossurcd. Ecim xke ¢

OTIOM OBLT KOH(MIMKT, TO T0c/e swap(v,$) y 5 W €ro OTna, 7, KOH(IUKTa HeT. [

’ 40
e Sift Down
[IpeamosoKumM, 9T0 BEpIIMHA ¥, KOTOPYID HAM HYXKHO CIIYCTUTDb, HAXOJUTCA HA YPOBHE MUHUMY-
MOB (IIPOTUBOIOJIOKHBIN ciIydaii anajgornde). Torma geTu v HAXOJAATCS Ha yPOBHE MAKCHMYMOB.
BosmoxkHBI ciie/iyonme CuTyalnm:

1. V v menbiie 4 Baykos. Obpaboraer ciydaii pykamu 3a O(1).

2. Cpesin BHYKOB ¥ €CThb Te, UTO MeHbIe v. Torja HaiiiéeM HAUMEHBIIIEro BHYKA U U IIOMEHSIEM
ero mecramu ¢ v. OCTaI0Ch TPOBEPUTD, €CJIM HA HOBOM MeCTe ¥ KOH(MJIUKTYET CO CBOMM OTIIOM,
nmoMeHsATh ux Mecramu. [Ipomomkaem SiftDown u3 mecra, rie mepBoHaYAIBHO OBIT HANMEHbBIIIHIT
BHYK 0.

3. Y v Bce BHYKHU HeMeHbIIIe. 10r1a HU4ero UCIpaB/iIdTh He HYKHO.

Ha a2k 10it nureparnuu BbIoJIHSETCA H cpaBHEHUIT — 3a 4 BbIOEpeM MUHUMYM K3 D 3JIEMEHTOB, €IIE 3a
1 permum Bo3MOXKHBIN KOHPIMKT ¢ oTiioM. [locsie aToro rirybuna ymenbiaercs na 2. Mroro g log, n+
O(1) cpasrennii. Yro qyTh GosibIie, YeM y 0ObIIHON OuHApHOI Kyun (2log, n cpaBHeHNil).

MinMax Ky4y MOYXKHO MOCTPOUTH 3a JIMHEWHOe BpeMs inplace aHaJOTUYIHO JIBOUYIHON Kyde.
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7.3. Leftist Heap (Clark’72)

[Tycrb B KOPHEBOM JIepeBe KaxK/las BepiiHa umeet crenedb 0, 1w 2. BBeséM 11 KazK 10l BepIiuHbI
Def 7.3.1. d(v) — paccmosnue enus om v do baudcatiuezo OMCYMEMEUA BEPUUHDL.

Bamerum, uaro d(NULL) = 0, d(v) = min(d(v.left), d(v.right)) + 1

Lm 7.3.2. d(v) < logs(size 4+ 1)

Jlokazamenvcmeo. 3aMeTuM, UTO MOJTHOE GUHAPHOE JIepeBO BHICOTHI d(v)—1
ABJISIETCA HAITUM TIOJIEPEBOM = Siz€ > 20(v) _ 1 & gize+1 > 24 [ |

Def 7.3.3. Jlesauxasn xyua (leftist heap) — cmpyxmypa dannox 6 eude bunaprozo depesa, 6 KOMOPOM
6 KaoHcAotll sepuiure 0dun aremenm. Jlasa amozo depesa 8viNONHAIOMCA

yeaosue Kywu u yeaosue leftist: Vo d(v.left) = d(v.right)

Caedemeue 7.3.4. B nesankoit kyde log,n > d(v) = d(v.right) + 1

[maBHOE MpPEUMyINECTBO JIEBAIKUX Kyd HaJ| HPEJbLIYIIAMA — BO3MOXKHOCTBIO OBICTPOTO CJIMSTHUSI
(Merge). Yepes Merge Boipakaiorcst Add n ExtractMin (cimsiHue OCHPOTEBINUX JeTeil ).

e Merge

Unes. Ecte 1Be Kyun a u b. MuHnMa/IbHbBIH 13 a->X, b->x Oy/JeT HOBBIM KOPHEM.

[Iycts 510 2->x%, Torma cuenaem a->r = Merge(a->r, b) (pekypcus). Koner =)

s ynobersa peanuzaruu EMPTY — mycroe jepeBo, y kotoporo 1 = r = EMPTY, x = +00,d = 0.

Node* Merge (Node* a, Node* b) {
if (a->x >= b->x) swap(a, b); // Temepp a - obuuii KOpeHb
if (b == EMPTY) return a;
a->r = Merge(a->r, b);
if (a->r->d > a->1->d) // ecuu HapymeH uHBapuaeT leftist
swap (a->r, a->1); // ucupaBunu uEBapmaHT leftist
a->d = a->r->d + 1; // obuoBumu d
return a;
}

Bpems paboThl: Ha KaxKJ0M IIare peKypcun Bendnna a->d + b->d yMeHbIaeTcss =
rryomHa pexkypenn < a->d + b->d < 2log, n.

7.4. Skew Heap (Tarjan’86)

Yoepém ycrosue d(v.left) > d(v.right). B dyuknun Merge yoepém 5 u 7 crpoku. To ectb, B Merge
MBI Tellepb He XpaHuM d, a IPOCTO Beerja JesaeM swap Jereil. [losyuennasi Kyua Ha3biBaeTcs “CKO-
menHoit” (skew heap). B xymem ciryuaae ojun Merge Teriepb MozkeT paboTarb O (1), HO MbI JTI0OKaXKeM
amoprusupoBannyio ciokHocTh O(log, n). CrollleHHAsT Kyda BBITOJHO OTIMYIAETCS JJINHO peain3a-
UM ¥ KOHCTAHTOW BPEMEHU PabOThHI.

e J/loka3aTeJIbCTBO BpeMeHU paboOThI

Def 7.4.1. Ilycmv v — sepwuna, p — €€ omeu, size — pazmep noddepesa. Pebpo p — v nazvisaemcs

Taorcénvm — ecau size(v) > Lsize(p)
Jéexuum  ecau size(v) < 5size(p)
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Def 7.4.2. Pebpo parent — v Ha3vi86aemces npaswvim, eciu v — npasvili coii parent.

3aMeTuM, 9TO U3 BEPIINHBI MOYXKET ObITh He OoJsiee 1 TsKEI0T0 pedpa BHUS.

Lm 7.4.3. Ha ymobom BepTuKaabHOM IyTH He 60see log, n JIErKux péodep.

Joxazameavcmeo. 1lpu cirycke 1o JIérkomy pedbpy pasmep 1nojijiepeBa Mensiercs XoTs ool B 2 paza. W

Kak Temneps ornenuts Bpems paborsl Merge? HykHO 4eM-TO caMOPTU3UPOBATH KOJUYIECTBO TAKETBIX
pébep. Breném morennuan ¢ = “KOJIMIECTBO MPABBIX TAXKETBIX PEGEP”.

Teopema 7.4.4. Bpems paborsr Merge B cpeguaem O(logn)

Zoxazameavcmeo. Paznesmm BpemMs pabOTHI i-if Oleparuu Ha JBe YacTU — KOJMIECTBO JIETKUX U
TSKEJIBIX PEGED Ha MPONJIEHHOM B i-ii oneparun myTH.

ti = HZ' +Ti < l092n+T,;

Tenepnb pacnuriiem u3MeHnenus morennuaa . Camoe BayKHOE: KOT/Ia MbI IIPOILIN 10 TAXKETOMY pebpy,
[IOCJIe SWap OHO CTAHET JIETKUM, TIOTEHITHAJT YMEHBITHTCsA! A BOT KOT/1a MBI IIPOIILIH 110 JIETKOMY pebpy,
IMOTEHTTAJT MOT' YBEJIUIUTHCH... HO JIETKUX K€ MAJIO.

Ap < logon —T;, = a; = t; + Ap < 2logn
Ocrajocsk 3ameruthb, uro 0 < ¢ < n — 1, nosromy cpeanee Bpems: paborer O(logn). |

7.5. Coucko-Kydva

e MoTuBarus.

Kyua momxkaa ymers Add, Min, Merge, DecreaseKey, ExtractMin.

O6brumnas Gumnapras yMmeeT Bcé kpome Merge 3a log, Merge 3a log?. Ceronms nsyumin Leftist M Skew,
KOTOpBIe yMeIoT Beé 3a log. Hamma koneunas nesib — kyya @udonad4n, koropas Bcé kpome ExtractMin
ymeet 3a O(1), ExtractMin 3a O(logn). Cnncko-Kyda — BasKHBII Ar K HAIIEH IEJIH.

ByneMm XpanuTb 37€MeHTBHI Ky4Yd B JIByCBA3HOM CIIUCKE U TIOJJIEPYKUBATH YKa3aTeab Ha TEKYIUit
MUHUMYM 3aMeTuM, 9To omnepaiun Merge, Add, DecreaseKey, GetMin B crmcke paborator 3a O(1).

Omnepanus ExtractMin cocrout u3 GetMin 3a O(1), ynanenus u3 crcka 3a O(1) u camoii c10KHOi
JacTu “HafiTH HOBBI MUHUMYM’, KOTOPYIO MBI [IOKa yMeeM Jjesiarh b 3a O(n).

P.S. Xodercs muHeHBII TPOXO/T IO BCEM 9JIEMEHTAM CAMOPTU3MPOBATH YMEHbBIIIEHNEM JIJTHHBI CIIHCKA.
DTO0 MBI ¢JIeJIaeM B ciieayroleit jomarike. Ha sk3amene B KOHIIE IIEPBOTO MOJLYJIS 9TO YMETh He HYZKHO.
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7.6. (x) Pairing Heap

Ceitgac MBI U3 CIIMCKO-KYYH [OJIyYUM 9yI0-CTPYKTYPY, KOTOPasl yMEeT aMOPTU3UPOBAHHO
Add, Merge 3a O(1), ExtractMin 3a O(logn).
DecreaseKey 3a o(logn), CKOJBKO TOYHO, HUKTO HE 3HAET.

Nnesa, kak ExtractMin B crincko-Ky1e aMOpTU3UPOBATD, — JdaBaiiTe, OCse MIPOX0/a 1O CIUCKY JITUHbI
k sj1eMeHTBI cIncKa pa300bEéM Ha mapbl... PopMaIbHO MOIYIUTCS AIAHHAS HCTOPHS:

e PairingHeap = minElement + cmucok petell Bupma PairingHeap

Ecmu roraBubIl MuHEMYM He pucoBaTh, To PairingHeap mnpejcrasisier m3 cebs crnmcok KopHeit
HECKOJIBKHX JIEPEBbEB, JJI KazKJIOT0 JiePeBa BBIIIOJIHAETCS CBOWCTBO Ky4H, TO €CTh, 3HAYeHUE B JII00O0IT
BEpIINHEe — MUHUMYM B IOAAEPEBE.

JleTeit BEpIIUHBI MBI XPAHUM JIBYCBA3HBIM CITMCKOM. ByjieM XpaHUTh yKa3aTe /b Ha IePBOro pebeHka,
JUTS KayKJIOTO pebeHKa yKas3aTesIn Ha cocefleil B crimcke n orma. Vroro:

struct PairingHeap {

int x;

PairingHeap *child, *next, *prev, *parent;
I

PairingHeap *root = new PairingHeap {minElement, otherElements, O, 0, O};

parent A

next A

child A

amee B Kojie eCcTh Ky4da KpallHUX caydaeB — cruucku aauabl 0, 1, 2. [eab 3Toro KoHcnekTa — mokKa3aTh
00IIIyI0 UJIe0, Ha YaCTHOCTH He OTBJeKaeMcs. i Hada/ia BCIOMHUM, 9TO Mbl YMEEM CO CITMCKAMMU:

// cBa3anu OBa y3ja COHCKA

Link(a,b) { a->next = b, b->prev = a; }

// ymamute a u3 cuucka (a mepecTaHeT OHTH pebEHKROM a->parent) .
ListDelete(a) { Link(a->left, a->right); }

// B CIUCOK neTe# a nmobaBuTb b

ListInsert(a,b) { Link(b, a->child), a->child = b; }
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Ocnosnas oneparnus Pair, ona ke Merge, — co3farsh U3 JByX Kyd OJIHY.
Bribupaer Ky4y ¢ MEHBIITUM KJIFOYOM M K Hell TOJIBEITUBAET BTOPYIO.

Pair(a, b):
if (a->x > b->x) swap(a, b); // KopeHb - MeHBIME K3 OBYX
ListInsert(a, b); // B cmucox merei a mobasuM b
return a;

Yaxe nosyamin Add u Merge 3a O(1) xymiem.

DecreaseKey (a, newX):
a->x = newX;
ListDelete(a); // ymamunu a w3 CIECKa €& OTIA
root = Pair(root, a);

Tenepb u DecreaseKey 3a O(1) B xymmem. Takxke numercs Delete V He MUHUMYMA.

Ocrasiach camas cjioykHas JacTh — ExtractMin.
Yr1o0bl HAWTH HOBBIH MUHUMYM HYKHO IPOUTHUCH 110 BceM jeTdaM. [lycts ux k.

def ExtractMin:
root = Pairing(root->child)
def Pairing(a): # muis ODpOCTOTH CHHTAKCHCA, IyCTh HAWM CIKCKU IUTOHO-IIOLOGH
# a - CIOHCOK KydY
if |al = 0 return Empty
if |al = 1 return al[O0]
return Pair (Pair(al[0],a[1]), Pairing(al[2:]));

Bpewms paborsr ©O(k). Pesynbrar ceit Marum — COmuCOK Jereil CUIbHO yrKasics. TOUHBIN aMOpTH3AI-
OHHBII aHAM3 YUTaliTe B opuruHajbHOi pabore Tapbsua. Celivac BaXKHO MOHSATH, YTO MOCKOJIBKY
a; = t; + Ay, n3-3a noTeHNMaIa TOMEHACTCS TakxKe BpeMs paboTbl Add, Merge, DecreasyKey. B
UTOTe II0JIy4YaTcsd 3adBJICHHDIC paHee.

7.6.1. Ncropusa. CchLiku.

[Tutorial]. Kpacussrii u npoctoii pynknunonaabubiii PairingHeap. Kox. Kaprunkn.

In practice, pairing heaps are faster than binary heaps and Fibonacci heaps.”. Many studies have shown pairing heaps to perform better than Fibonacci heaps in
implementations of Dijkstras algorithm and Prim's minimum spanning tree algorithms.

[Pairing heap]. Fredman, Sleator, Tarjan 1986. 3mech onu nokaseiBator orenky O(logn) u ccblia-
IOTCsT Ha CBOIO paboTy, OmyOIMKOBaHHYO 1o/ioM paHee — Crumaii-JlepeBbs.
[Rank-Pairing Heap]. Tarjan 2011. Ckpecruau Pairing n ®ubonauqn.

Omnenku Bpemenu padbotsl DecreasyKey B PairingHeap pokamich B TakoM TOpsiIKe:

e Q(loglogn) — Fredman 1999.
o (O(2200glogm)'/*) _ Pottie 2005.
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e HebGompmas momudukarms Pairing Heap, koropas maér O(loglogn) — Amr Elmasry 2009.

Ouenka O(loglogn) st opurunansaoii Pairing Heap na 2019-it rox He joka3aHa.

Operation find-min | delete-min | insert | decrease-key meld
Binary!!! B(1) G(logn) | O(logn) | O(log n) e(n)

Leftist o(1) ©O(log n) O(logn) | O(log n) O(log n)

Binomiallll2 | g(1) @logn) | o8 ©(log n) O(log n)[®!

Fibonacci™3 | g(1) O(log ) | @(1) e o)
Pairing!®! (1) O(log ) | @(1) o(log mEE | o(1)
Brodall2eldl (1) O@ogn) |e() o) (1)
Rank-pairing™® | o(1) O(log N | e(1) e (L)
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Jlekima #8: Kyun
4 HOSIOps

8.1. Bunomuasibaasi ky4a (Vuillemin’78)

8.1.1. OcHOoBHbBIE TOHATUSI

OmnpeiesiuM TOHsITHE “OMHOMEAJIBHOE JIEPEBO” PEKYPCHUBHO.

Def 8.1.1. Bunomuaarvrvim depesom parza O uau Ty 6ydem Ha- @ o o
3veamov 00HY eepuuny. Burnomuasvhowm depesom parza n+1 uau

Th11 6ydem naswvieamsv depeso T,,, ® KopHIO KOMOPO20 NOJGECUNU e e o 0 e
ewe 0dno depeso T,, (nopsadox caedosanus demets ne easrcen). Ilpu

IMoOM OUHOMUANDHOE 0EPEBO QOANCHO YIOBAEMBOPAML CBOTUCMEY @ e e @

Kyuu (3Hauenue 6 6epuiune He MEHbULE 3HAYENUA 6 NPedKaT).
Brmmiem HeckoJLKo IIPOCTBIX CBOICTB OMHOMUAJILHDBIX JEePEBbLEB. o
Lm 8.1.2. |T,,| =2"

Joxazamenvcmeo. Vuykims 1o panry jgepesa (jnasee sra ppasa i IpoBepKa 6a3bl HHLYKIUN OyeT
omyckarbest). Basa: jyist n = 0 1epeBo COCTOUT U3 OJIHON BEPIINHEL.
Hepexon: | Ty 11| = |T| + |Tp| = 2™ + 27 = 27+, |

Lm 8.1.3. degRoot(T,) = n

Jokasamenvcmeso. degRoot(T, 1) = degRoot(T,,) +1=n+1 [
Lm 8.1.4. ConoBbsimu 1}, apisitorcs gepesbs 1o, T, .., T, 1.

oxazameavemeo. CeraOBbs T}, 1 — BCce cbrHOBBS 1), T.e. Ty, .., T, 1, u HOBBII T),. [ |
Lm 8.1.5. depth(T,) =n

Jloxazameavcmeo. depth(T, 1) = maz(depth(T,),1 + depth(T,)) = 1 + depth(T,) =1+n [

e Kak xpanuthr 6mHOMHAJIbHOE JepeBO?

struct Node{
Node *next, *child, *parent;
int x, rank;

};

31ech child — cchlika Ha IIEPBOrO ChIHA, next — CChLIKa Ha OpaTa, X — IOJIe3HbIE JJaHHbIE, KOTOPbIE
MBI Xpa}HHﬂ.(thCOK,CbHiOBeﬁ,BepIHHIHﬂ v: v->child, v->child->next, v->child->next->next, ...
Terteps onpejiesiuM 1oHgTre “OMHOMUAIbHAS Kyda.

Def 8.1.6. Bunomuaavhas kKy4wa — cnucor OUHOMUAALHOIT JEPEEHLES PA3AUYHO20 PAH2A.

Y mr0b0oro umnciaa n ecTb eIUHCTBEHHOe IIpPeJICTaB/IeHre B JIBOMYHON CHCTEMe CUNCJIEHUs N = Zz ok
B 6unoMmasbHOil Kyde U3 1 3JIeMEHTOB JepeBbd OyIyT IMeTh pa3Mephl Kak pas 2% . ameTnM, 4To B
crcke He 6osiee log, n 3j1eMeHTOB.
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8.1.2. Omepanun ¢ SuHOMUAJIBHOW Ky4Jeit

Add n ExtractMin BbIpakaloTcsi, TaK:Ke KaK U B JIEBAIKON Kyue, yepe3 Merge. YToObl BLIPa3UThH
ExtractMin 3amMeTuM, 9TO JETH KOPHsI JIIOOOr0 OMHOMMAIBHOIO JAepeBa 0 OIPEIETeHNI0 ABJISTIOTCS
buHOMMaIBbHOM Kydeil. To ecTh, mocJie ypajgeHns MIHIMYMa Hy?KHO cjleslaThb Merge oT Ky4n, obpaszo-
BaHHON JETHMU yIAJEHHON BEPINMUHBI U OCTABIINXCA JIE€PEBHEB.

DecreaseKey — obbrunbiii SiftUp, paboraer mo semme 8.1.5 3a O(logn).

B uém npobiema Merge, moduemy mpocTo He coeauHuTh gBa crmcka’ lloce coequmenus mosBaTcs
OMHOMUAJIBHBIE JIEPEBbs OJMHAKOBOIO paHra. K c4acTbio, 10 ONpeJIe/IeHII0 Mbl MOYKEM ITPEBPATUTH
X B OJIHO JEPEeBO OOJIBINEro paHra

Node* join(Node* a, Nodex* b) { // a->rank == b->rank
if (a->x > b->x) swap(a, b);
b->next = a->child, a->child = b; // pobaBunu b B cumcox zeTelr a
return a;

3

Temeps ycTh y HAC €CTh CIUCOK C JIEPEBbSIMHU BO3MOXKHO OJIMHAKOBOTO panra. OTCOpTUpPyeM UX IO
paHTy U OyJieM BBI3BIBATH jOin, IMOKa €CTh JIEPEBbs OJHOI'O PAHTA.

list<Node*> Normalize (list<Nodex*> &a) {
list<Node*> roots[maxRank+1], result;
for (Node* v : a) roots[v->rank].push_back(v);
for (int i = 0; i <= maxRank; i++) {
while (roots[il].size() >= 2) {
Node* a = roots[i].back(); roots[i].pop_back();
Node* b = roots[i].back(); roots[i].pop_back();
roots[i+1] . push_back(join(a, b));
}
}
return result;

3

Bpewmst paborsr Normalize pasuo |a| + mazRank = O(logn).

8.1.3. Add u Merge 3a O(1)

Y Hac y2Ke IOJHOCTBIO OlMCaHa KJiaccuiecKasi OMHOMEAabHadA Kyda. laBaiiTe eé yckopsaTh. YOepém
yCJIOBUE Ha “BCe PAHIH JIOJKHBI OBITh pas/imdHbl . 10 ecTb, HOBas Kyd4a — CIIMCOK MPOU3BOJILHBIX
6uHOMHUAJBHBIX JiepeBbeB. Tenepn Add, Merge, GetMin, ouesnHO, paborator 3a O(1). Ho ExtractMin
Ternepb paboTaeT 3a JUIMHY criucka. Bor3oBem mocsie ExtractMin mporeaypy Normalize, KoTopas
ykoporur crucok 10 O(log, n) kopreil. Tereps Bpemst ExtractMin caMopTu3UpyeTcs MOTEHIINATIOM
© = Roots (JyiMHA CIIUCKA, KOJMIECTBO KOPHEIH).

Teopema 8.1.7. Cpennee Bpemst paborsl ExtractMin pasuo O(logn)

Jlokasamenvcmso. t; = Roots + maxRank, Ay < logyn — Roots = a; = t; + Ap = O(logn).
Bamerum takxke, 0 < ¢ < n = cpennee Bpems ExtractMin O(logn). [ |

8.2. Kyuya ®ubonauuu (Fredman,Tarjan’84)

Omymyaercs 0T BCEX BBLIMICONUCAHHBIX Kyd T€M, 9TO yMeeT JeJIaThb DecreaseKey 3a O(l) Apnsgerca
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arrpeitiom ounomuasibHON Kydu. CobCTBEHHO OMHOMMAIBHBIE Ky Yl ITPAKTHIECKON IEHHOCTU HE MMe-
IOT, OHM BO BCEM XYK€ JIEBAITKON Ky4H, & HYyKHBI OHU HaM, KaK COCTaBHAsd 4acTh Kydn DPuboHadqn.

Eciu DecreaseKey Oyner ocnosan na SiftUp, kak Hu KpyTH, ObicTpee logn on paborars He OyJieT.
Hy:xna noBast ujesi 11 DecreaseKey, BOT OHA: OTPEXKeM BEPIIUHY CO BCEM €€ IMOJJICPEBOM U I10-
MECTHM B CHHCOK KopHeil. Yrober “orpesars” 3a O(1) KpoMme CCBUIKHM Ha OTIA Telepb eIl Hy»KHO
XPaHWUTD JIBYCBS3HBIH cruKoii gereit (left, right).

struct Node{
Node *child, *parent, *xleft, *right;
int x, degree; // paEr OMHOMHANBLHOTO OepeBa paBeH CTENeHU
bool marked; // ymamamm 1 MBl yXe CHHA y 3TOH BEPIIMHEH

};

e ITomerxku marked

Y100b! JIepeBbst OOJIBIIONO paHIa OCTABAIUCH OOJILIIIONO pa3Mepa, Hy2KHO 3aIlPeTUTh YAAIaTh Y HUX
MHuOTO Jsiereit. Ckazkem, aTo marked — ¢hjiar, paBHBIH €INHUIIE, €CJIU MbI YK€ OTPE3aJIA ChIHA BEPIITHHEI.
Korma Mbr ibITaeMcst 0Tpe3aTh y v BTOPOTO ChIHA, OTPEXKEM PEKYPCUBHO U BEPIIUHY U TOXKE.

list<Node*> heap; // KydYa - COHCOK KOpHell OHHOMEAIbHHX AEPEBbLEB
void CascadingCut (Node *v) {
Node *p = v->parent;

if (p == NULL) return; // M yXe KOpEHb

p->degree--; // mommepxuBaeM CTeleHb, 6yZeM €& IOTOM KCIONb30BATh, KaK PAHT
<Delete v from linked list of children of p>

heap.push_back(v), v->marked = 0; // HauHéM HOByl XU3Hb B Ka4YeCTBE KOpHs!

if (p->parent && p->marked++) // eciu mama - KOpeHb, HWYErO He HYXHO [elaTh
CascadingCut (p); // y p TONBKO YTO OTpe3aju BTOPOTO CHHA, IOpPAa CAENIATbH €T0 KOpHEeM

}

void DecreaseKey(int i, int x) { // i - HoMep amemMeHTa
pos[il->x = x; // obpaTHas cchika
CascadingCut (i) ;

}

Baxxno 3amMeTuTbh, 9TO KOIJIa BEpINWHA V CTAHOBUTCA KOpHeM, e¢ mark oOHyjsgeTcsd, oHa obOperaeT
HOBYIO KIU3Hb, KaK KOpHEBasd BepIInHa paHra v->degree.

Def 8.2.1. Pane sepwurv, 6 Pubonauuuesoti Kyue — € cmenens Ha mMmom MOMEHM, k0204 8EPULUHG
nocaednuti pasd ovLAa KOPHEM.

Ecan mb1 HE pas3y He fenann DecreaseKey, To rank = degree. B obmiem ciydae:
Lm 8.2.2. v.rank = v.degree + v.mark

SamMeTnM, YTO PaHId HAM HY>KHBI TOJIBKO B Normalize, TO eCThb, B TOT MOMEHT, KOIJ/la BEPIIUHA
SABJISIETCS KOPHEM.

Teopema 8.2.3. DecreseKey paboraer B cpearem 3a O(1)

Joxaszameavcmeo. Marked — umcyio nomedeHHbIx Bepiud. [Iycts ¢ = Roots + 2Marked.

AmoprusupoBannoe Bpems orepaiinii Kpome DecreaseKey He TOMEHSIIOCH, TaK KaK OHU HE MEHSIIOT
Marked. Ilycto DecreaseKey orpesan k + 1 Beprmmny, Torma AMarked < —k, ARoots < k + 1,
a; =t; + Ap = t; + ARoots + 2AMarked < (k+ 1) + (k+ 1) — 2k = ©(1). |
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8.2.1. ®uboHAUYINEBBLI JEePEBbI

Yrobwr orenka O(logn) Ha ExtractMin He ncnopTmiIach HaM HYZKHO [TOKa3aTh, 9T0 size(rank) — Bcé
emé SKCIOHEHIINAIbHAA (PYHKITUS.

Def 8.2.4. Qubonavvueso depeso F, — bunomuarvroe depeso Ty, ¢ KOMOPvLM NPou3sesu pexyp-
cusHoe obpesarue: ompesany He 6oaee 00H020 CHA, U PEKYPCUBHO 3ANYCMUAUCH OM BBIHCUSULUT
demei.

Onennm S,, — MUHIMAJILHBII pasmep nepesa F,
Lm 8.25.Vn>2:5,=1+S5+S51+ -+ 5,-2

Zloxazameavcmeo. Mbl XOTUM MUHUMU3UPOBATH PasMep.
Orpesars i ceina? Koneuno, ma! Kakoro orpesars? Camoro Tojicroro, To ectb, Fj,_ 1. [ |

BaMeTI/H\/I7 9TO IIOJIYIEHHOE PEKYPPEHTHOE COOTHOIIEHUE BEPHO TaK2KE U JIJId IUCEJT @I/I6OH8}U{H:

Zoxazameavcmeo. Unnyknus. Ilycts Fib, 1 = Fiby + Fiby + - - - + F'ib,,_3, Torma
1+ Fibg+ Fibi+- - -+ Fib,_5 = (1+Fibo+Fib1—|-‘ : '—I-Fibn_g)—l-F’ibn_g = Fib,_1+Fib,_o = I'ib,, N

Lm 8.2.7. S, = Fib,

oxazamensvemeo. Baza: Fiby = Sy = 1, Fiby = S1 = 1. @opmyiny nepexojia yxke JT0Ka3aJIu. |

[oyummm onenKy cHu3y Ha pasmep gepeBa Pubonauddu panra n: S, > \/ngo”, rje ¢ = HT\@

W nonsan, nmoueMmy Kyda HasbiBaeTcss MeHHO PuboHAIINEBOII.

8.2.2. 3aBeplieHne 10Ka3aTeJIbCTBA

QubonavyuyneBa Kyda — CIUCOK JIEPEBbLEB. DTU JIePEBbs HE ABJIAIOTCH PUOOHAYIMEBBIMU 110 Ha-
memy ompejesienuto. Ho pasmep siepesa panra k e menbiie Sy.

[TokazkeMm, 9TO HOBBIE JIepPEBbsI, KOTOPbIE MBI ITOJTy9aeM 10 X0y orteparuii Normalize u DecreaseKey
He Menbllte OrOOHATINEBBIX.

Vv setu v, OTCOPTUPOBAHHBIE 10 paHry, obosHaduM x;, i = 0..k—1, rank(z;) < rank(xy1).

Bynem napasienbHo 0 WHIYKIIMU JOKAa3bIBATh JIBa (paKTa:

1. Pasmep nojjepesa panra k He MeHbIne Sy.
2. V xkopus v rank(x;) > i.
To ecTb, panr jereil MO3IEMEHTHO HE MEHBINE PAHTOB JieTeil ONHOMUAJILHOTO JIEPEBA.

[Ipo pasmepsl: Korma v OBLTO KOPHEM, €r0 JAeTH OBLIN He MeHbIIe JleTell ONHOMHUAJILHOTO JepeBa TOro
JKe paHra, JIo TeX II0p, IIOKa PaHT ¥ He TIOMEHAETCs, Y U YVAAJIAT He 0oJiee OJHOTO ChIHA, TTOITOMY JETH
v OyIyT He MeHbIle gereil prubOHATINEBOro JIepeBa TOrO Ke paHra.

Tenepb paccMOTpUM CHTYaIlUN, KOTJIa PAHD MEHSIETCSI.

[lepexos #1: v cranoBuTCc KopHeM. /leTeit v Ha MOMEHT, KOrjia v B IPEIbIIAYIINNA pa3 ObLIO KOPHEM,
obozratanM x;. HoBble fetn x) mogBuimch ynajenueM u3 ; OXHOTO win aAByX jereil. o) > x; > i W

[Tepexojt #2: Join obbeuHseT JiBa jiepeBa panra k. Panbiie y KopHs -t pe6EHOK ObLIT paHra XOTsd Obl
1 s ¢ = 0..k—1. Terrepb MbI 100aBUIN eMy pebOEHKa paHra pOBHO k, OTCOPTUPYEM JETell 10 PaHry,
reriepsb Vi = 0.k rank(z;) > i. [
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Jlekuma #9: /luHaMuYyecKoe IIporpaMMmupoBaHIe
11 HOs1Opst

9.1. bazoBbie nOHATUA

“MeTo/1 IMHaMUIECKOTO IIporpaMMupoBanus’ OyjieM KpaTKo Ha3biBaTh “munamukoii’. [loznakomumces
C 9THM METOJIOM Yepe3 IPOCTOi IIpUMep.

9.1.1. YciaoBue 3aga4n

Y Hac ecThb 4MCIO 1, 3a XOJ MOXKHO 3aMEHUTH ero Ha Jjoboe m3 x + 1, x + 7, 2x, 3x. 3a Kakoe
MUHAMAaJbHOE YNUCI0 XOJA0B MBI MOYKEM TIOJIyIUTh 17

9.1.2. /IlmnamMmKa Ha3aJI

flz] — MuHEMATBHOE YHCITIO XOOB, YTOOBI HOIYIUTh THCIIO .

Torma flx] = min(f[z—1], fla—7], f[5], f[3]), mpuuém sanpemensr mepexonn! B

He HaTypaJbHble unciaa. [Ipu srom Mbl 3HaeM, a0 f[1] = 0, moaydaercs: pereHue:

vector<int> f(n + 1, 0);
f[1] = 0; // 6ecmomesHas CTpOdYKa, NPOCTO NOLYEPKHEM GaxT
for (int i = 2; i <= n; i++) {

fL[il = f[i - 11 + 1;

if (i - 7 >= 1) £[i] = min(£f[i], f[i - 7] + 1);

if (4 % 2 0) f[i] min(£[i], £[1i / 2] + 1);

if (i % 3 0) fl[il min(£[i]l, £[i / 3] + 1);
}

Korga mbl cumraem 3Hadenue f[z], qas Beex y < x yxke nocuaurano f|y], mostomy f|x] mocuawmra-
eTcs BepHO. BaKHO, 4TO MBI HE IBITAEMCS JIyMaTh, YTO BBITOJIHEE CJEIATH ‘BBIYECTh 7 WJIH “TIOJIe-
JINTDH Ha 2", MBI 9€CTHO IepebupaeM Bce BO3MOXKHBIE XO/Ibl ¥ BhIOMpaeM onTuMyM. BBesiéM orepariuio
relax — yiydrnienne orseta. /lasee Mbl Oy/ieM MCIOJIB30BAThH BO BCEX “TUHAMUKAX .

void relax( int &a, int b ) { a = min(a, b); }
vector<int> f(n + 1, 0);
for (int i = 2; i <= n; i++) {

int r = f[i - 1];

if (i - 7 >= 1) relax(r, f[i - 71);

if (i % 2 == 0) relax(r, f[i / 21);
if (i % 3 == 0) relax(r, f[i / 3]1);
flil = r + 1;

3

Omneparus relax UMEHHO YJIY4IIAET OTBET,
B 3aBUCHUMOCTHU OT 3aJa4¥ UM MUHUMU3UPYET ero, I MaKCUMU3ZUPYeT.

BBeiéM ocHOBHBIE TOHATHST

1. flx] — dyukuusa aunamMuku

2. x — COCTOsIHUE JUHAMHUKH

3. f[1] = 0 — 6a3a nuHaMuKH

4. v - x+ 1,2+ 7,2z, 3z — nepexo/ibl JTUHAMAKA
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Ucxonnas 3aada — nocaurarsb f[n.

Yr100b!I €€ permmuTh, Mbl CBOJIUM €€ K I10/[3a/ladaM TaKOI'o K€ BHUJIa MEHBIIero pasmMepa — IOCUUTATh
i Beex 1 < @ < n, Torjga cMoxkeM nocautarh u f[n]. Baxkno, uro s Kaxkaoi noazagadu (/s
KasKJIOro ) MbI cunTaeM 3Hadenue f[z] posro 1 pa3. Bpems paborst O(n).

9.1.3. /JIunamuka BOepE

PermuMm Ty ke caMmylto 3ajady TeM Ke caMbIM METOJIOM, HO IONJIEM B JIPYTYIO CTOPOHY.

void relax( int &a, int b ) { a = min(a, b); }
vector<int> f(3 * n, INT_MAX); // 3 * n - uTobm MeHbme if-0B mmcaTh
f[1] = 0;
for (int i = 1; i < n; i++) {
int F = £[1i] + 1;
relax(f[i + 1], F);

relax(f[i + 7], F);
relax(f[2 *x i], F);
relax(f[3 * i]l, F);

}

s naHHOM 331891 KO/ OJIydnjics HeMHoro mporie (yopasu if-br).

B obrmiem cityvae Hy2KHO TOMHUTBH TIPO 00a CII0co0a, BbIOUpATHL 0oJiee YI0OHbIN.

CyTh He mOMeHsLIack: Jyia Kazkaoro x Oyaer sepro f[z] = min(f[z—1], flx—7], f[5], f[5])-
e ntyuius nJjiss AUHAMUKYN BOEPE]] U HA3AJ,.

Hasad: nocunranu f[z] depe3 yxke moCUUTAHHBIE [03a/1a4N.
Bnepéd: ecnn f[x] BepHO TIOCYMTAHO, MBI MOXKEM OOHOBUTHL OTBeThI jiis f[z+1], fle+7],. ..
9.1.4. JlennBas JUHaMUKAa

9T10 peKprI/IBHbIﬁ crocob mucarh JAUHAMUKY Ha3a/l, BbIMUCJIAA 3HaAYCHNE TOJILKO IJId TEeX COCTOHHI/IfI,
KOTOpbK}ﬂeﬁCTBHTeﬂbHO HY2KHO IIOCHUTATD.

vector<int> f(n + 1, -1);
int calc(int x) {
int &r = f([x]; // pesymbprar Bhuuciexus f[x]
if (r !'= -1) return r; // OyHROuS yXe IOCYUTaHA
if (r == 1) return r = 0; // 6a3a OUHaAMHUKHK
r = calc(x - 1);
if (i - 7 >= 1) relax(r, calc(x - 7)); // craumapTHaa ommbra: HamucaThb f[x-7]
if (i % 2 == 0) relax(r, calc(x / 2));
if (i % 3 == 0) relax(r, calc(x / 3));

// Temepws r=f[x] BepHO mocuwTaH, B Clemyomui pa3 s X Cpa3y BEpHEM yxe mocumTaHHEHM T [x]
return ++r;

}

Jlns maHHO# 38718491 9TOT KO OyieT paboTaTh J0/IbINe, 9eM OObITHAs “TuHAMUKA Ha3a, 1 MUKJIoM for”
TaK Kak [epebepéT Te JKe COCTOSIHUS ¢ DoJIbInell KOHCTAHTON (peKypeust XyzKe IUKJIA).

Tem HE MeHee mpejicTaBUM, UTO Hepexojbl Obun Obl © — 2x + 1,2x + 7,3z + 2,3z + 10. Torxa,
HAIIPUMeD, JeHHBas IMHAMEKA TOYHO He 3afiIéT B COCTOAHHSA [%..1n), & €C/IH IOCYUTATh TOYHO OyjieT
Boobie paborath 3a O(logn). YTobbl ona KoppekTHO paboTaia s n nopsaka 10 my>kno jmmib

vector<int> f(n + 1, -1); 3aMEHUTH HA map<long long, int> f;.
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9.2. Emé oaun npumep

Bam jana martpuiia ¢ HEIIPOXOIUMBIMU KJIeTKa- @

Mu. B HEKOTOPBIX KJIeTKaxX JexKaT MOHETKH pa3- 4

HOW TIEHHOCTH. 3a OJUH XOJI MOXKHO CMECTHUTD- @
cs BBEpX WM BIpaBO. PaccMoTpuM Bce myTwm m3 3
JIEBOI-HUKHEN KJIETKU B BEPXHIOIO-IIPABYIO.

. . 2
(a) Hy:kHO HalTH YMCIIO TAKUX IMTyTEil. @
(b) HyKHo HaiiTi myTh, CyMMa IEHHOCTEH MO- 1
HET Ha KOTOPOM MAaKCHMaJIbHA/MUHUMAIb-
1 2

Pemuflxlda'aa,uaqy AMHAMUKON Haza/: 3 1 =

oyl ent[z—1,y] + entlz,y—1]  ecam KieTKa IpoOXouMa
entlz,y] =
Y 0 ecJIn KJIeTKa He MPOXOIuMa

max(flz—1,y], flx,y—1]) + value[x,y]  eciu kaeTka mpoxogauMa

flo,y] =

Lne entz,y] — kommaectso myteit u3 (0,0) B (z,vy),
flz,y] — Bec makcumasbroro ytu us (0,0) B (x,y),
value|x,y] — MEeHHOCTH MOHETHI B KJIeTKe (Z,Y).

-0 €CJI1 KJIETKa HE IIPOXOoJIuMa

Pemum 3aga4yy nuHaMuKoOl BIEpET:

cnt <-- 0, f <-- -00; // He#iTpanbHHE 3HAYEHUA
cnt [0,0] = 1, £[0,0] = 0; // 6aza

for (int x = 0; x < width; =x++)

for (int y = 0; y < height; y++) {
if (xmeTka He mpoxozmMa) continue;
cnt [x+1,y] += cntlx,y];
cnt [x,y+1] += cntlx,y];
flx,y] += valuelx,yl;
relax(f[x+1,y], flx,y1);
relax (f[x,y+1], flx,yl);

+

Emié 6oJbile criocoboB nmucaTth JUHAMUKY.
MozkHo cunrtats cnt|x,y|] — qucio nyreit uz (0,0) B (x,y). DT0 MBI ceiffuac u geaaem.
A wmozxkuO cumrarh ent’ [z, y| — aucno myteit uz (z,y) B (width—1, height—1).

9.3. BoccraHoBJieHUEe oTBeTa

[TocmoTpuM Ha 3a1a9y PO MATPHUILy U MaKCUMaJbHBIN IyTh. Hac MOTyT mompocuTh HaWTU TOJBKO
BEC IyTH, a8 MOI'YT IIOIIPOCUTH HAWTH U caM IIyTh, TO €CTh, ‘BOCCTAHOBUTH OTBET .
e Ilepsnbiii crtocob. O6paTHbIE CCHIJIKMH.

Bysem xpanuth plx,y| — n3 KaKOro HampasJieHusi Mbl IPUILIA B KJIeTKy (z,y). 0 — cieBa, 1 — cHu3y.
OyHKINIO peaKcaluu OTBeTa HyzKHO Tellephb IIePelucaTh CJICAYIOMUM 00pasoM:

void relax(int x, int y, int F, int P) {
if (flx,y] < F)
flx,yl = F, plx,yl = P;
}
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YT100bI BOCCTAHOBUTD ITyTh, MPOHJIEM IO OOPATHBIM CChLIKAM OT KOHIIA ITYTH JIO €ro HadaJia:

void outputPath() {
for (int x = width-1, y = height-1; !(x == 0 && y == 0); plx,y]l ? y-- : x--)
print (x, y);

e Bropoii crtocob. He xpaHuTh oOpaTHbIE CCHIJIKH.

BameTum, 9T0 4TOOBI MOHATH, Ky/Ja HAM WIATH HA3aJ U3 KJIETKH (X,Yy), JOCTATOYHO MOBTOPUTH TO,
9TO JlesaeT IUHAMUKA Ha3aJl, TOHATh, KaK IOJIyIImIoCh 3HadeHne f[z, y|:

if (x > 0 && flx,y] == flx-1,y] + \fix{valuelx,yl}) // flx,y] momyuumocs us f[x-1,y]
X--;

else
y--3

Bropomy criocody HY»KHO MeHbIIIE ITaMsTH, HO OOBIYHO OH TpebyeT OOJIbINe CTPOK KOJIA.

e OnITMMU3aNUA 0 HAMSATHU

Ecii HaM He HY?KHO BOCCTAHABJIMBATD IIYTh, 3aMETUM, UTO JOCTATOIHO XPAHUTH TOJBKO JIBE CTPOKI
muHamukn — f[z], flz+1], tae flx] yxke nmocuurana, a f[z+1] mbl ceituac Beraucasem. Hamomum,
pemmenue 3a O(n?) spemenn u O(n) namaru (B ormwanu ot O(n?) naMaTu) MONAJET B Kenl u GyIeT
paboTaTh 3HAYUTEILHO OBICTpEE.

9.4. I'pacdoBast nHTEpHIPEeTAIINA

PaccmoTrpum rpad, B KOTOPOM BEPITUHBI — COCTOSTHUS TUHAMUIKH,

OpUEHTHPOBaHHBIE PEOPaA — Mepexo/ibl JUHAMUKHA (a — b 0603Ha- z—1 z+1
Jaer nepexo u3 a B b). Torma Mbl TOJIBKO 9TO pemmasim 3a1add 4 /2 >¢ T 9oy
HoKCKa IyTH U3 § (HadajbHOE COCTOsIHUE) B t (KOHEYHOE COCTO-
sTHUE ), MUHIMAJIbHOTO / MAKCUMAJIBHOTO Beca IIyTH, & TaK Ke Ha-
YUIWINCh CIUTATh KOJUIECTBO IyTei u3 s B t.

VYmeeporcdenue 9.4.1. JIroboit 3a/1a9e TUHAMUKI COOTBETCTBYET AIlUKIMIHBIN rpad.

x/3 3

[Ipu sToMy nmHaMuUKa BIepEn mepebupasia UCXodine n3 v pébpa, a JMHaAMUKa Ha3a/l rnepedbupaJa
BXoJsiine B v péopa. BepHno u obparnoe:

VYmeeporcdernue 9.4.2. J1as 106010 aruKIMIHOTO Ipada 1 BbIJIEJIEHHBIX BEPINH S, t Mbl yMeeM HCKATh
min/max 1myTh U3 $ B ¢ U CUUTATH KOJUIECTBO IyTell u3 S B ¢, UCHOJIb3Ysl JIEHUBYIO JINHAMUKY.

Iloyemy mMeHHO JIEeHUBYIO?
B npoussosbnom rpade Mbl He 3HAEM, B KAKOM TOPsIJIKEe BBIYUCIATH (DYHKIMIO Jijisd cocToguus. Ho
3HAEM, 9TOOBI HOCIUTATH f[v], JOCTATOYHO 3HATH 3HAYCHUE JIMHAMUKH /IS HAYAJ BCEX BXOJSIINX B

v pédep.

IToyemy TOJIBKO HA ATUKJINYHOM ?

[IycTh ecTh OPMEHTUPOBAHHBLIN NUKJI a1 — Ay —> -+ —» Ax — G1. 1IycTh MBI XOTUM TOCYUTATH
SHa4YCHUEC d)yHKL[I/II/I B BepHInHE a1, AJd 9TOI'O HY2KHO 3HaThb 3Ha4Y€HMHE B BEPHIMHE Gf, OAJId 9TOI'O B
ap_1, 1 TaK jajiee j10 ap. llogyanan, 9To0bl MOCYNTATh 3HAYEHNE B (1, HY’KHO €ro 3HATH 3apaHee.

st npousBosibHOrO anuk/andHoro rpada w3z V sepmwmn n E pébep punamuka Oyger paborarh 3a
O(V + E). Ilpu 3roM OyjiyT MOCEIIEHb JIUIIb JOCTUXKUMBbIE 110 OOPATHBIM PEOpaM U3 ¢ BEpIIUHEL.
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9.5. Checklist

Bwr npupymbiBaeTe perenue 3ajiauu, UCHOJIL3Yd METOM, JUHAMUYECKOTO MIPOrPAMMUPOBAHULA, WU
Jlazke cobmpaeTech MUCATh KOJ. UTOObI MpUyMaTh pelieHne, Hy»KHO YBUJIETh HEKOTOPBIi MpoIece,
HanpuMep “Mbl UJIEM CJIeBa HAIlpaBO, CHU3Y BBepx 1o matpuiie’. Ilocie sToro, 4TodbI MOJIYyYMIOCH
KOPPEKTHOE pellleHne HYKHO yBUJIETH

. Cocrosinne muHaMuKn (IIpoIecca) — Mbl CTOMM B KJIeTKe (2, Y)

. Hepexo;uﬂ JUHAMHUKK — CAeJIaThb HIal' BIIpaBO NJIX BBEPX

1
2
3. Hauasibroe cocrosinme npuaamuku — crouM B Kietke (0, 0)
4

. Kax orBer k mcxo/iHOit 3a/1a1ue BbIpaXKaeTcs depe3 MOCUNTAHHYIO JUHAMUKY (KOHEYHOE COCTO-
staue). B janHOM citygae Bcé nmpocto, orBer Haxoautes B f[width—1, height—1|

5. Iopsiok nepebopa COCTOAHUIA: ec/in MbI ITUIIEM JIMHAMUKY Ha3a]l,
TO TIpu 00PabOTKE COCTOsIHUS (T, Y) JOJIZKHBI OBITH y2Ke mocuntanbl (r—1,y) u (x,y—1).
Bceryia moxkno nucarh JieHUBO, HO MUK for ObIcTpee peKypcun.

6. Ecim HY2KHO BOCCTaHOBUTBL OTBET, HE 3a0bITD IIOJAYyMaThb, KaK 9TO JA€/IaTb.

9.6. Prok3ak

9.6.1. ®opMmyaupoOBKa 3aJa4u

Ham mamo n mpeaMeToB ¢ HATYPAJTBHBIMU BECAMU (g, A1, - - -, Qp_1-
Tpebyercst BHIOPATDH MOJIMHOZKECTBO IIPEJIMETOB CyMMapHOTO Beca POBHO S.

1. Bagaua NP-tpynna, ecin pemnurs eé 3a O(poly(n)), mosyanre 1000 000$.
2. IIpocroe niepebopHoe perienne pekypcueii 3a 2.
3. 3 pemenne 3a 2™? (meet in middle)

9.6.2. Pemmenue muHaMUKOII

Bynem paccmarpuBarh peMeThl TI0 oHOMY B nopsake 0, 1,2, ...
Kazkprit 3 Hux OygeMm win OpaTh B MOJIMHOXKECTBO-OTBET, I HEe OPaTh.

Cocrosinue:
DyHKINAA:

nepebpaB TepBbIe ¢ IPEJIMETOB, Mbl HAOPAJIU BEC T
is[i, x] < MBI MOIVIH BBIOPATH MOJMHOXKECTBO BECA T M3 HEPBBIX i IIPEIMETOB

Haganbaoe cocrosiame: (0, 0)

OTBeTr Ha 3aj1a4y:

copepxkuTed B is[n, S]

i, 2] — [i+1, z] (me Gpatn)
Ilepexonpbr: , ,

[i,z] = [i+1,x+a;] (Gepém B oTBET)
bool is[n+1][2S+1] <-- 0; // mycTts ali] < S, samaca 2S xBaTuT
is[0,0] = 1;
for (int i = 0; i < n; i++)

for (int j = 0; j <= S; j++)
if (is[il1[j1)
is[i+1]1[j] is[i+1]1[j+alill = 1;
// Answer = is[n][S]

Bpewmst paborsr O(n.S), mamsars O(nS).

Fnasa #9. 11 nosiOpsi.

63/93 Asrop koucniekra: Cepreit Komemmopua



N O U W N

=W N

N O U W N

Ausropurmsbr, 1 xkype, ocenb 2020/21 Jlnnamudeckoe porpaMMupOBaHue

9.6.3. OnTuMu3npyem IMaMATh

Mps1 y2Ke 3HaeM, 9TO, ecIU He HyKHO BOCCTAHABJIMBATH OTBET, TO JOCTATOYHO XPAHUTH JIAIIb JIBE
CTPOKU JMHAMUKH 15[i], is[i+1], B 3a/1aue 0 plOK3aKe MOYKHO XPAHUTh JIUIIb OJIHY CTPOKY JINHAMUKI:

Koz 9.6.1. Piok3axk ¢ IUHEHHON TaMATHIO

bool is[S+1] <-- 0;

is[0] = 1;
for (int i = 0; i < n; i++)
for (int j = S - alil; j >= 0; j--) // moMeHanu HampaBIeHWE, BaXHO
if (is[j1)

is[j + alil]l = 1;
// Answer = is[S]

ITyTh K HOHMMAHUIO KOJA COCTOUT U3 JBYX IIArOB.
(a) is[i,z] = 1 = is[i+1,z] = 1. Eqununst ocraiorcs, ecam Mbl yMesan HAOUPATh BEC ¢, KaK MOJMHO-
JKECTBO U3 1 MPEJIMETOB, TO KaK MOJMHOXKECTBO U3 1+ 1 mpeaMera HaOPaTh, KOHEYHO, TOXKE CMOXKEM.
(6) Tlocse mara j gactb MaccuBa i[j..S] comepKuT 3HadeHUs CTPOKH i+1, a gacTb Maccusa i5[0..5—1]
eIeé He MeHsJIach U COIEPXKUT 3HAUEHUS CTPOKMH 1.

9.6.4. /loGaBisieM bitset

bitset — maccuB 6uT. VIM MOXKHO IOJIB30BAThCs, KaK OOBITHBIM MaccuBOM. C JIPyroil CTOPOHBI C
bitset MOXKHO JeJIaTh BCe JIorudeckue oneparuu |, &~ , «, Kak ¢ mejabiMu guciaamu. [emoe qucio
MOXKHO paccMaTpuBaTh, Kak bitset usz 64 6ut, a bitset u3 n OUT ycTpoOeH, KaK MAaCCUB (6“—41 I1€JIBbIX
quces. g acumMnroTuk BBEIEM obo3HAUeHUsI W OT word_size (pasmep MalmHHOrO cjioBa). Torja
HaIll KOJI MOYKHO peajin30BaTh eI1é Kopode u ObIcTpee.

bitset<S+1> is;

is[0] = 1;
for (int i = 0; i < n; i++)
is |= is << w[il]; // sunomuserca 3a O(2)

BameTuM, 4TO MBI JeJIajld paHee POBHO YKA3aHHYIO OlEPalnio HaJ OMTOBLIMU MACCHUBAMHU.
Bpewms paborsr O(™2), To ecthb, B 64 paza MeHbIIe, YeM paHbIITe.
w

9.6.5. BoccraHoBJjieHMe oTBeTa C JIUMHEMNHON MaMAaTbhIO

Moudunupyem Koyt 9.6.1, a91o0bI ObLIa, BO3MOYKHOCTH BOCCTAHABIMBATDL OTBET.

int last[S+1] <-- -1;
last [0] = O;
for (int i = 0; i < n; i++)
for (int j = S - alil; j >= 0; j--)
if (last[j] !'= -1 && last[j + a[i]]l == -1)
last[j + alil]l = 1i;
// Answer = (last[S] == -1 ? NO : YES)

U coberBenHoO BOCCTAHOBIICHUE OTBETA.

for (int w = S; w > 0; w -= al[last([w]])
print (last[w]); // uHOEeKC B3ATOTO B OTBET IpeAMETa

[Togemy sT0 paboraer?
3aMeTnM, 4TO Korjia Mbl nmpucBanBaeM last[j+a[i]l] = i, BepHo, 4TO Ha IIyTH MO OOPATHBIM CCHLI-
kaM u3 j: last[jl, last[j-allast[jl]1], ... Bce 3j1eMeHTBI CTPOrO MEHBIIIE i.
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9.7. KBaaparuuHble TMHAMUKNI

Def 9.7.1. Ilodnocaedosamenrvrocmvro nocaedo8amMeAbHOCY 1, G2, - . . , A, OYydem Ha3V6aMY
@iy Wiy - Wyt 1 K <l < -o- <P <N

Bamaga HOII (LCS). [Touck HaubosibIeii obIei momocie10BaTeIbHOCTH.

JlaHbl JiBe TOC/I€OBATEILHOCTH @ U b, HAWTH ¢, SABJIAIONLYIOCS IMOJIOC/IEI0BATEIbBHOCTIO U G, U b
Takyo, 9to len(c) — max. Hanpuwmep, j1ys nocstegoBarensuocreit (1,3,10,2,7) u (3,5,1,2,7,11,12)
BO3MOYKHBIMHU OTBeTaMu siBjisifores (3,2,7) u (1,2, 7).

Pemtenune 3a O(nm)

fli, j] — nmuna HOTII mas npedukcos all..1] u b[1..5].

OtBer cozepKuTest B f[n, m], e n u m — JJIMHBL IOCJIEI0BATEIBHOCTEN.

[Tocmorpum Ha mocseaue smemenTs pedukcos ali] u b[j].

Vmn MBI 0JIuH U3 HEX HE BO3BMEM B OTBET, MJIM BO3bMEM 0ba. /lesraeM mepexoib:

f[l_lhﬂ
f[l’ﬂ = max f[laj_l}
fli—1,j—1] + 1, ecnu a; = b;

Bpewmst pa6otsr O(n?), kommuectso namatu O(n?).

Bamaga HBII (LIS). ITouck manbosbieil BO3pacTaroIeil Mo oce[0BaTebHOCTH.

Jana mocsenoBaTeIbHOCTD @, HARTH BO3PACTAIONLYIO ITOIIOCICI0BATEJILHOCTD (: JJIMHA — Max.
Hanpumep, mis nocsienoarensroct (53,3, 1,7, 8, 1) BO3MOXKHBIM 0TBeTOM siBJisiercst (3,7, 8).
Pemenne 3a O(n?)

fli] — mmuna HBII, 3akamnumBaomeiicss poBHO B i-M SJIEMEHTE.

Otser comepzxkurea B max(f[1], f[2],..., f[n]), nae n — qmHa nocaeoBaTebHOCTH.
[lepecuér: f[i] =1+ max f[j], MaKcuMyM IIyCTOrO MHOYKECTBA PABEH HYJIIO.
5 <aj

Bpewms paborst O(n?), konmuuectso namsatu O(n).

Paccrosinue JleBeurreitna. OHo e “peaKIIMOHHOE pacCTOsTHIE .

Jlana ctpoka s u oneparuu INS, DEL, REPL — nobaBjieHue, yaaJieHie, 3aMeHa OJJHOTO CUMBOJIA.
MuHuMAIBHBIM YUCJIOM OIEPAIHl HYy?KHO HOJIYIUTh CTPOKY t.

Hanpumep, aTobsr n3 crpokn STUDENT nosryunTh cTpoky POSUDA,

MOKHO J100aBUTH 3esiéHoe (2), yaaanTh kpacHoe (3), 3amenuts cunee (1), uroro 6 oneparmuii.
Pemtenne 3a O(nm)

[Ipu pertenun 3a71a4u BMecTo j1obaBseHuit B s Oyaem ynanars u3 t. HyuHo cuenarts s u ¢ paBHBIMH.
flé, j] — penaximonnoe paccrosinue Mexay npeduxcamu s[1..1] u t[1..]]

fli-1,7]+1 yJaJeHne u3 s
fli, 3] = min ¢ f[i,7—1] + 1 yaajaenue us t
fli=1,j—1]+w ecms; =t;, Tow =0, nxavge w = 1
OtBer comepkuTest B f[n, m], nae n u m — IJIUHBI CTPOK.
BoccranoBsiieHue oTBeTa.
BaMeTuM, UTO MOJIb3YsACh CTAHJAAPTHLIMU METOJAMU U3 pasjesa “BOCCTaHOBJIEHHE OTBeTa’, Mbl MO-
) Y Aap at pasfi )

JKeM HAWTHU He TOJIBKO YHCJI0, HO U BOCCTAHOBUTDH CaMU ODIILYIO TIOCJIE/I0BATE/ILHOCTD, BO3PACTAIONLYIO
ITOCJIE/IOBATETHHOCTD W TIOCTIEI0BATETHbHOCTD ONepAIlil JJIs PETAKITMOHHOTO PACCTOTHU.
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9.8. Onrummusarusa namaru ajaga HOII

Pacemorpum anropursm aig HOTI. Ecim nam He TpebyeTcst BOCCTaHOBJIEHUE OTBETa, MOKHO XPAHUTD
TOJIBKO JIBE CTPOKY JIMHAMUKH, namaTu Oyger ©(n). BoccranaBimBaTh OTBET MbI IOK& yMEEM TOJIHBKO
3a O(n?) namaTu, 1aBaiiTe yIydmaTh.

9.8.1. XpaHnumMm OUTHI

Moxkno xpanuts He f[i, j], a pasnocts cocennux df[i, j| = fli, j| — fli,j—1], ona wm 0, wam 1.
Xpannm O(nm) 6ur = O(™F) MAIIMHHBIX CJIOB. DTOrO JOCTATOYHO, YTOOBI BOCCTAHOBUTL OTBET: MBI
yMeeM BOCCTaHABJ/IUBATE IIyTh, XPaHs TOJILKO [, 9TOOLI ¢jie1aTh 1 mar Haza | B 9TOM Iy TH, JOCTATOYHO
sHaTh 2 crpoku f [], BoccranoBum nx 3a O(m), caenaem mar.

9.8.2. Asropurm Xwupmibepra (mo wiki)

[Tycts mbt umem HOIT (LCS) st mocsienoBarensaocreit al0. .n) u b[0. .m).

Ob6osnaunm n’ = | 7 |. Paznemm 3aaqy na nogzaaqu nocunrars HOII na nogorpeskax [0..n) x [0..7)
u [n'.n) x [j..m). Kak Beibpars ontumMasabaoe 7 [ljist 97010 HacuuTaeM jiBe KBaJpaTHbIE TNHAMUKN:
fli,j] — HOII muist mepBbIX ¢ CUMBOJIOB G ¥ TIEPBBIX j CHMBOJIOB b 1

gli, 7] — HOII st mocsieHUX 4 CUMBOJIOB @ U MOCJIEIHUX § CHMBOJIOB b.

Hac unTepecyioT ToJIbKO m0cseaune crpoku — f[n'] u gln — n'], nosromy npu BbIYUC/IEHUH MOXKHO
XPaHUTh JUIIb JBe nocyeanue crpoku, O(m) mamsru. Boibepem j: f[n', j] + g[n —n',m — j] = max,
CJIeJIaeM J[Ba PEKYPCUBHBIX BbI30Ba, KOTOPbIE BOCCTAHOBSIT HAM IIOJIOBUHKU OTBETA.

9.8.3. OmeHka BpeMeHHN paboThbl XupIidepra
Bamerum, 4ro TybruHa PEKypCHu paBHa [log, n], MOCKOIBbKY N JEeTUTCS MOMOJIAM.
Lm 9.8.1. TTamsars O(m + logn)

Jlokasameavcmeo. s Berauciaenust f u g Mbl HCHOIb3yeM O(m) mamsaTu, JUId CTEKa PEKypCHH
O©(logn) mamsrn. |

Lm 9.8.2. Bpewmsi paborsr ©(nm)

Jloxazameavcmeo. Imybuna pekypcun O(logn).

CymMMapHbBIil pasMep Hojazajad Ha i-M ypoBHe pekypcuu = m. Hamnpumep, Ha 2-M ypoBHE 3TO i +
(m—1i) = m. Buaunt Time < nm + [F]m+ [F]m+ ... < dnm. ]
[MosBeiEM UTOT TIPOJIEIaHOi PaboThL:

Teopema 9.8.3.
Mer ymeem uckars HOII ¢ Boccranosiienmem orseta 3a ©(nm) Bpemenn, O(m + logn) mamsarn.

AnropuT™M MOJTHOCTBIO onucan B wiki.
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9.8.4. Anropurm Xwupmibepra (yaydiiieHHbli1)

[Tycrs Mot umnem HOIT (LCS) miis nocienosarensaocreii al0..n) u b[0. .m).

[Tumem ob6branyto qunamuky les(i, j] = (mmmua HOIT qyra a[0..1),b[0. . j), ccbuika Haza). Byaem
XPpaHUTh TOJBKO JBE MOCIEIHNE CTPOKN IMHAMUKI. KC/Iu paHbIle CChLIKY U3 i-if CTPOKN MbI XPaHUJIN
WM Ha i-10, Wi Ha (i—1)-10, Ternepb Jisi BOCCTAHOBJIEHUsT OTBeTa Gy/ieM JIJIsi CTPOK [%n) XPaHUTh
CCBUIKY Ha TO MECTO, IJIe Mbl OBbLIM B CTPOKE HOMED 1.

TODO: 3j1ech 0UeHb HYKHA KAPTUHKA.

def relax(i, j, pair, add):
pair.first += add
les[i,j] = min(les[i,jl, pair)

def solve(n, a, m, b):
if n <= 2 or m <= 2:
return naive_lcs(n, a, m, b) # ‘sanycTunu HauBHOe pemeHue‘

# ‘HYXHO XPaHWTb TOJNBKO 2 MOCIeIHHE CTPOYKK lCs®
lcs[] <-- -INF, 1cs[0,0] = 0; # ‘ununuanuzanus’
for i = 0..n-1:
for j = 0..m-1:
relax(i, j, lcsl[i,j-1]1, 0)
relax(i, j, lcs[i-1,j]1, 0)

if (i > 0 and j > 0 and ali-1] == b[j-1]):
relax(i, j, lcs([i-1,j-1]1, 1)
if (i == n/2):
lcs[i,j].second = j # ‘caMoe BaxHOe, COXpaHWUIM, IOe Mb Obnm B n/2-# cTpoke*

# ‘Hawiu KIETKy, 4Yepe3 KOTOPYH TOYHO IPOXONUT IIOCIIENOBATEIbHOCTb-OTBET'
i, j = n/2, lcs[n,m].second;
return solve(i, a, j, b) + solve(n-i, a+i, m-j, b+j)

3amMeTuM, 9TO U TJIyOMHA PEKYPCHs, U IIUPUHA, U pa3Mepbl BCeX Mo3aaad Oy/1yT TaKUMH Ke, KaK B
JokazarejibcTBe 9.8.3 = OLIEHKHU Te 2Ke.

Teopema 9.8.4.
Hogsrit aaropurM umer HOII ¢ Boccranosiiernem orsera 3a ©(nm) Bpemenu, ©(m + logn) namsru.

9.8.5. ObJslacTh NpuMeHeHNe e Xuprioepra

JaHHBIM aJIrOpUTMOM (MHOTJIA JIOCTATOYHO IIPOCTON BEPCUM, HHOT/IA HYKHA BTOPasi) MOXKHO BOCCTa-
HOBUTDH OTBET 6€3 yXy/IIeHus BpeMeHr pabOThI JIJId OTPOMHOI0 KJiacca 3aja4. Hampumep

1. Prookzak co crommocTsiMu
2. Paccrosinme Jlepenmreiina
3. “Bamada o morpyske KopabJieir”, KOTopyio Mbl 00CYIMM Ha CJIEIYIONIEeil mape

4. “3ajava o cepBepax’, KOTOPYIO MbI OOCY/IUM Ha CJIeIyIOIIeil mape
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Jlekius #10: Ilunamudeckoe mporpaMmMupoBaHue (4acTb 2)
14 HOs1Opst

10.1. bitset

bitset — cTpykTypa Juid xpanerus N OUT.

O0bs1a/1a€T TOJIE3HBIMU CBOMCTBAMU U MACCUBA, U TEJIbIX JUCET. 3aMETUM, 9TO ¢ TeabIMI 64-OuTHBIMI
YUC/JIaAMUA MBI MOXKEM JIeJIaTh Jorndeckue omnepamuu |, &, «, ~ 3a oamH TakT. To ecThb, ecan pac-
CMATPUBATh YUCJI0, KAK MaccuB u3 64 OUT, napasieavho 3a 00uH npoueccopHbviii marxm npumMerams
onepayuto OR x Heckorvkum Aveldram maccusa. bitset<N> XpaHUT MacCUB U3 L%J IEJBIX YHCEeJI.
Yucio 64 — KOHCTAHTa, ONKMCHIBAIONIAS CBOWCTBO COBPEMEHHBIX IIPOIeccOpoB. B masbreiinem Oy-
JIeM BCe aJITOPUTMBI OIEHUBATH /I abCTpakKTHON w-RAM MaIIMHBI, MAIIMHBI, HA KOTOPOii 3a 1 TakT
IPOU3BOAATCs 0a30BbIe apuPMETHIECKHE OIEPAIUU C W-OUTOBBIMU PETHUCTPAMI.

w — COKpallleHue OT word size

bitset<N> a, b; // N - xomcTarTa; B C++, K COXajeHHw, pa3Mep bitset-a momkeH OHTHL KOHCTAHTOH
x = alil, aljl = y; // O(l) - omepanuu ¢ MaccuBoM
a =b | (a << 100), a &= b; // O(%) - 6uTOBHE oIepanuu

10.1.1. Prok3ak

[IpuMenuM HOBYIO MJICIO K 3ajiade O PIOK3aKe:

bitset<S+1> is;

is[0] = 1; // wsHavampHO yMeeT HONydYaTh IyCTHM MHOXECTBOM cyMMapH:# Bec ()
for (int i = 0; i < n; i++)
is |= is << alil; // ecmm is[w] 6mmo 1, Temeps is[w + al[i]] Toxe 1

10.2. HBII 3a O(nlogn)

HYCTI) JdaHa II0CJI€10BaTEJIbHOCTDb G1,d9, ..., 0y,.

Koz 10.2.1. Anropurm nouncka HBII 3a O(nlogn)

x[] <-- inf

x[0] = -inf, answer = O0;

for (int i = 0; i < n; i++) {
int j = lower_bound(x, x + n, alil) - x;
x[j] = alil], answer = max(answer, j);

}

[Tonpobyem TOHATHL HE TOJIHLKO caM KOJI, HO U KaK €ro MOXKHO IPUJIyMaTh, cOOpaTh U3 CTaHIAPTHBIX
HU3KOYPOBHEBBIX WJIENl ONITUMU3AIAN JITHAMUKHA.

g Hagamo paccMOTpHUM TIPOIEce: MIEM CJieBa HApaBo, HeKoTopble uncyo Gepém B orser (HBII),
He Koropble He OGepém. CocrosiHme 3TOro Tporecca MOxkHO omucarh (k,len, i) — Mbl paccMoTpesn
mepBble k 4uces, U3 HUX len B3/ B OTBET, IOC/EHEEe B3ATOE PABHO ¢. Y HaC €CTh JIBa IE€Pexojia
(k,len,i) — (k+1,len, i), u, eciu ay > a;, MOXKHO ciesarh nepexon (k, len,i) — (k+1,len+1, k)

O6bIuHast ujest mpeobpa3oBaHus “IPOIECC — pellleHne JMHAMUKONW — MakcuMusuposath len[k, i|.
Ho wmoxkuo cuenars i[k,len] u MUHUMH3MDOBATH KOHEIl BBIODAHHOW MOCJIEI0BATEJLHOCTH X [i
(z[k, len]). Toiiném BTOpPBIM IMyTéM, TOMMEM, Kak BbraucaaTh [k, len] 6bicTpee wem O(n?).
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Lm 10.2.2. Vk,len zlk,len] < x[k,len + 1]

Jokxazamensvcmeo. Eciu ObL1a 1mocse0BaTe/IbHOCTD JIJIMHDBL [en+ 1, BBIKUHEM U3 Heé JII000M JIeMeHT,
[OJIY UM JIJIUHY len. |

O6oznaunm zi[len] = x[k,len] — T.e. T — OTHOMEPHBIH MACCHB, CTPOKA MACCHBA .
Lm 10.2.3. B peanuzamun 10.2.1 crpoka 5 npeobpa3syer ; B T;y1

Jloxaszameavcemeo. Tlpu nepexojie oT x; K i1, MbI IILITAEMCS JIOIIACATD JIEMEHT (; KO BCEM CYIIe-
CTBYIOIIMM BO3PACTAIONIUM I10/IIIOCe/I0BaTeIbHOCTAM, 13 10.2.2 nmogydaeM, 9TO MPUIACATH MOXKHO
ToabKo K x[0..7), Tae j nocuurano B crpoke 4. Samernum, uro Vk < j — 1 k x[k]| momuceiBarh Gecro-
7e3Ho0, Tak Kak z[k + 1] < a[i]. Homumewm x z[j — 1], moayunm, 9To z[j] yMEHBIINIOCH 10 ;. |

Boccramnosienne orseta: KpoMe 3HadeHus [j] OymeM Takzke HOMIHUTDL MO3UMUIO Tp[j], Torma:

prev[i]l = xpl[j - 11, xpl[jl = i;

Hacunranu tTakuM o0pa3oM CCHIIKU prev Ha MPE bV 3JIEMEHT T0C/Ie/I0BATETbHOCTH.

10.3. 3agada mpo norpys3kKy kopabJieii

Jlan cKkJs1aJ1 'py30B, MacCUB a1, s, . . . , 4y. KCTH OECKOHETHOE MHOXKECTBO KopabJieit pa3mepa S. [Ipu
HOrpy3Ke JIOJZKHO BBIMOJHATHC » | a; < S. ['pysum kopabiiu 1o oHOMY, HOTPYZKEHHBIH KopabJib
cpasy yiutbiBaeT. [lorpy3unk MoxkeT OpaTh TOJBKO CaMblil JIEBbI / IpaBblil IPY3 U3 MaccuBa. 3adaya:
MHHUMHU3UPOBATh IUCI0 KOpabJeil, NCIo1b30BaHHOE JIJIsi IEPEBO3KU I'PY30B.

[IpencraBuMm cebe mporece NOrpy3Ku: k Kopabueil yzKe IIOrpyzKeHO IMOJIHOCTBIO, Ha CKJIAIe OCTAJI-
cst orpe3ok rpy3oB [L, R]. Cocrosinme takoro mporecca omucbiBaercs (k, L, R). B 6ymymem 6yaem
HCIIOJIb30BATh KPYTJIble CKOOKH JJIsl OIMCAHUS COCTOAHUS IIPOIeCca M KBaJIPATHBLIC JIJIsl COCTOSTHUSI
muHaMuKd. Takoe BujeHHe mporecca Jaér HaM auHaMuky k[L, R] — min. Tlepexompr:

(k,L,R) — (k+1,L', R"), upu srom sum|[L..L") + sum(R..R] < S

Cocrostanii n?, Bpemst paborsr O(n?).
)

10.3.1. NzmenbueHne mepexoaa

Nnest onTuMu3anuy IUHAMUKI B TaKHX CAydadx — ‘M3MeabpduTh mnepexos . Ceitdac mepexomd — “mo-
IPy3UTh KOpaOJ/ib ¢ HYJIsd MEeJTUKOM’, HOBBIN mepexo/i Oy/1eT “Iorpy3uTh OJMH MPEJIMET Ha TEeKYIINi
KOpabJ/Ib WM 3aKOHYUTH ero norpys3ky’ . Urak, mycrb w — cymMMapHBIil pasMep Ipy30B B TEKYIIEM
kopabJie. Ilepexomnr:

(k,w,L,R) = (k,w+ar, L+ 1,R) mnorpy3urh camblii JieBblii, ecau w + a;, < S
(k,w,L,R) = (k,w+ agr, L, R — 1) moOrpysurhb caMmblii npasblii, eciit w + ar < S
(k,w,L,R) — (k+ 1,0, L, R) HAYATHL [IOTPY3KY CJIELYIONIEr0 KOpad st

Yo BLIOpATh 3a COCTOSHHE JIUHAMUKH, 9TO 32 (DYHKIUIO?

0< kL R<n,0<w<S, seibupaem wlk, L, R] — min, IOCKOJbKY W He OrpaHUYeHa depe3 Nn.

MunuMI3HpyeM, TaK KaK IIPU IPOYNX PABHBIX BLIFOJIHO MMETh MAKCHMAJILHO IYCTOH KOPaOJIb.

[Tostyuun GoJibllle COCTOAHUIN, HO Beero 3 nepexoja: n® cocrosnuii, Bpemst paborel O(n?).
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10.3.2. Ncnosib3oBanue napbl, Kak (pYyHKIIAU AUHAMUKNI

Mozxuo cuenars em@ gayuqime: (k, w)[L, R).
MunumusupoBaTh criepsa k, IIpu paBeHCTBE k MUHUMU3UPOBATDH W.
Terepb MbI cOXpaHsieM He BCe COCTOsHUSA Iporiecca, a u3 map (ky, wy) < (kg, wa) Tombro (ky,ws).
HeiicTBuTenbHo, eciin ki = kg, TO BBITOJHO OCTABUTH IIaPy C MEHbIIUM W, a ecyu ki < kg, TO MOXKHO
oTnpaBuTh Kopadib (ki,w;) — (k1 + 1,0) < (ko,wa) (k1 +1 < k2,0 < wy). K coxanennto, nepexos
(k,w,L,R) — (k+ 1,0, L, R) Teniepb ABISETCS TETIE.
JInnamuke e Ha BXOJ Hy2KeH rpad 6e3 nukiios. [lostomy sesraem Tax:

(k,w+ar,L+1,R) ecomt w + ap, < .S
(k,w,L,R) = < (k+1,a,L+1,R) ect w + arp, > S

aHaJIOTMYHbIE TIepexoanl ajisdt R — R — 1
Uror: O(n?) spemenn, O(n?) namsaru.
Bamerum, uTo 6e3 BOCCTAHOBJIEHUSI OTBETA MOYKHO XPAHUTDH TOJBLKO /e cTpoku, O(n) maMsTu, a npu
BOCCTAHOBJIEHUH OTBETa MPUMEHUM aJropuT™ Xupiidepra, 9ro gaér takxke O(n) namsaru.

10.4. PekyppeHTHbI€ COOTHOIIIEHUS

Def 10.4.1. Jlunetnoe pexyppenmmuoe coommowenue: danvt fo, fi, ..., fr_1, ussecmuo f, = fn_1a1+
fn72a2 +. fnfkak +0b
Bajaqa: ga#er fo, ..., fr_1;a01,...,a;; b, HAWTH f,.

Ouesnano pemenue auaaMukoii 3a O(nk).

Hay4aumcs pemrarh ObicTpee ciiepBa I IpocTeiniero ciaydas — duciaa OuboHadqn.

F,\ (1 1\ (E_.\ (1 1\"" (R

F,1) \10 F,») \1 0 Fy
HanomunMm, Kak paboTaeT yMHOXKEHHe MATDUIL: CTPOKa JIeBOIl yMHOXKAETCs CKAJAPHO Ha CTOJOEI]
npasoii. To ectb, iepBoe paBeHcTBO unTaercs Kak (F, = 1-F, 1+1-F, o))A(F,_1 = 1-F, 1+0-F, )
Lm 10.4.2. Bossenenue B crenenb MmoxkHO cenarh 3a O(logn)
Joxaszameavcmeo. IlycThb onpejiesieHa accolmaTuBHas olepalys a o b, a” = aoa o - -+ o g TOrJa:

—_——

a2k _ (ak)2 A a2k+1 — (ak)Q oa A al —a n

HTor: peKypcuBHas MPOIe/lypa BO3BEICHUs B CTEIIeHb 1, JeIalonlyio He 6oee 2 log n onepanuii o. W

Caedemesue 10.4.3.
F,, moxuo mocuntars 3a O(logn) apudmerndeckux onepanuii ¢ aucaaMu mopsaka F,.
F,, moxHO miocunTars 1o Moy P 3a O(logn) apudmerndeckux oneparuii ¢ aucaamu nopsijika P.

Bepuémcs K obiiemMy ciydaro, Hy?>KHO YBUJIETh BO3BEJICHUE MaTPHUIIbI B CTEIICHb.

Teopema 10.4.4. Cymecrsyer pemmenue 3a O(k3logn)

Jloxazamenvcmao. frtk+1 a, az ... Qr—1 ar b fntk
fn+k 1 0 0 0 0 fn+k71
Pl A 0 D0 e ay
frs1 0 0 ... 1 0 0 fa
1 0o 0 ... 0 0 1 1
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B o6mem ciayuae unorya seirogno O(nk), unorga O(k3 logn). 3 pemenne 3a O(klog klogn) |
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10.4.1. IIyTtu B rpade
Def 10.4.5. Mampuya cmesrcnocmu C epaga G: Ci; — ecmv au pebpo meorcdy (i,7) 6 G.

3ajava: HaiiTu KOJMYECTBO IyTel U3 s B ¢ JJIMHBI POBHO K.
Pemenue munamvukoit 3a O(kn?): f[k,v] — KonmudaecTso 1myTeit U3 § B v JUIMHBI POBHO k.
HepecqéT f[kvv] = sz[k - 172] ' Ci,v = fk =C- fk—l = Cka

[oncuér f[k,t] B 106 Gymer paborath 3a O(kn?), ¢ GLICTPOrO MOMOIILIO BO3BEICHUS MATPUILI B

crenenb 3a O(n®logk), Tak Kak oJjHO yMHOXKeHHe MaTpull paboraeT 3a n’.

10.5. 3agadya 0 MOYTOBBIX OTAEJICHUAX

Ha mpsimoit pacrosiozkeHbl Topojia B KOOPJAUHATAX L1, L, . . . , Ly, HACETEHHE TOPOJOB W1, W, . . . , Wy,
(w; > 0). Hy»kHO B KAKUX-TO k M3 9TUX TOPOJIOB i1, 19, . . .4 OTKPBITH [OYTOBbIE OTIEIEHHsI, MUHU-
MU3UHUPYS ITPU STOM CYMMAapPHOE PACCTOSHUE IO BCEM JIIOJISAM JI0 OJIMKAMITIEro IoYTOBOIO OT/CICHUS:

> wjming |z, — x|

Lm 10.5.1. 3azagy M0oxKHO 1epedopMyImpoBaTh B Bujie ‘pa3dbUThb n ropojioB Ha k OTPE3KOB U HA
KaxKJ0M M3 OTPE3KOB BLIOPATDH HEHTP”

Hoxazamesvemeso. OTpesku r — T;, WIN UMEIOT OOl KOHEI i;, NN He HePeCceKaloTCsd, nHade
MOXKHO YMEHBITUTH CYMMY. |

OnrumanbHbIi TIEHTD 11t oTpeska ([, 7] 6ymem obosnadars mll, r]. Cronmocts orpeska cost(l,r).
Temneps 3a1ada B BbIOOPE TaKuX P = 1, P2, P3, ..., Pey1 =N 1 Y.y 1 COSt(P;, pip1) — min

L_m 10.5.2. m[l, 7/'] — HHHZ Z]E[l,l] ’LUJ 2 EJG(Z,T'] ’UJJ
Jlokasameavcmeo. 3ajada ¢ TPAKTHKH. |
Lm 10.5.3. 3uag m[l,r], moxkuo mocuurars cost(l,r) za O(1)

Jloxazamenvcmeso. Obosuatmm m = mll, 7).

Z wilri—T,| = Z wi(Tm—x;)+ Z Wi(Ti—Tp) = T ( Z w;— Z w;)— Z T;W;+ Z T W;

i=l..r i=l.m 1=m..r i=l..m =m..r i=l..m =m..r

[Tomyunyin geThIipe CyMMBbI Ha OTPE3KaxX, KazKias CIUTaeTcd depe3 MpeUKCHbIE CYMMBI. [
Lm 10.5.4. m[l,r] < m[l,r + 1]

Caedecmsue 10.5.5. Vieft moxuo nacautars m[left, x| ans Becex x nByms ykasareasmu 3a O(n)

int 1 = left;
for (int r = left; r <= n; r++) {
while (sum(left, i) < sum(i + 1, 1))
i++;
m[left, r] = ij;
}

[Iycrs f[k,n] — crommocTh pa3bueHns MepBLIX 1 TOPOJIOB HA k OTPE3KOB.
ITycts mocaeauuM k-M OTPE3KOB BBITOJHO OpaTh OTPE30K (Dk i, ).
Torma flk,n] = flk—1, pxn] + cost(pgn+1,n)

Teopema 10.5.6. 3ajaua 11po MOUTOBbIE OT/eJeHUs penenne uHaMukoit 3a O(n?k)

Joxazamenvcmeo. Cnepsa 3a O(n?) npeanogcunramu see mll, r], sarem za O(n?k) f[k,n] |
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10.6. OnTumnszaiusa Kayra

ITpearnonoKuM, 9T0 Pr—1yn < Pkn < Phnt s
TOTJIa B PEIIeHUN MOYKHO Iiepeduparhb Dk He 0T 0 10 n—1, a MKy Pr—1n 1 Dk pt1- [Tosrygaem:

// obmymumu f[] u pl]
for (int k = 2; k <= K; k++) // nopsamor mepebopa COCTOAHUI CleLyeT U3 HEPABEHCTB
for (int n = N; n >= k; n--) // nopsamor mepebopa COCTOHAHUI ClefLyeT W3 HEPABEHCTB
f[k, n] = oo
for (int i = plk-1, nl; i <= plk, n+1]; i++) { // yxe mocumTans
int tmp = f[k-1, i] + cost(i+l, n);
if (tmp < flk, nl)
f[k, n] = tmp, plk, n] = ij;

Teopema 10.6.1. Onucannoe pemenue paGoraer O(n?)

Aorasamenvcmeo. Time = 3 | (Pknt1 — Pr—1,n)- 3aMETUM, YTO Bee KpoMe n + k cjlaraemble IIpu-
CYTCTBYIOT B CyMMe M C +, U C -, 3HAUUT, cokpatarca = Time < (n + k)n = O(n?). |

Tenepnb JoKazKeM KOPPEKTHOCTDb Pk—1rn < Dkn < Dkntl. SAMETHM CPasdy, UTO He NI BCeX BO3MOXK-
HBIX OITUMAJIbHBIX OTBETOB 3TO HEPABEHCTBO BEPHO, HO ecjn yrKe (BUKCHPOBAHBI JIIOOLIC Dy_i, U
Dknt1, JAIOIIHE ONTUMAJBHBIN OTBET, TO 3Py, YAOBIETBOPLIONIee 0OONM HepaBEHCTBAM U JAIOIIee
OITUMAJIBbHBI OTBET f}, .

Lm 10.6.2. Vk,n Yourumansusix [k, n] u [k, n+1] pasbuennit BepHO, ITO D ni1 = Pin

Jloxasamenvcmeo. Pacemorpnm ontuMasbuble perenus 3aaa4 [k, n| u [k, n+1].
Lenrp nocseuero orpesKa, mp ., n|, 0603HATUM Gy .

[lenTp mOCIEAHETO OTPE3KA, M [Pk i1, 1], ODOZHATUM G i1

JlokaspiBaTh Oy/eM OT IIPOTUBHOIO, TO €CTh, Pk nt1 < Din-

PaccmorpuMm gernipe pazdbuenud:

Pk.n n
1. Ourumasnsnoe s [k, n O ® ®
pk,n n—i—l
2. Korug 1, B mmocsieinnii oTpe3oK J100aBuIn TOUKY n+1 O O ®
Pk,n+1 n+1
3. Ournmasbroe s [k, n+1] O O O
Pkn+1 n
4. Komnng 3, u3 nocjie/iHero orpeska yopaJm Touky n+1 O O ®

Oyuknun [ or paszbuenuit obozuadum fi, fo, f3, f1. B mocaemsnem orpeske KaxKkjoro m3 pasbueHunii
HY?KHO BBIOpATh HEHTP. B 1-M 3TO0 @i, B 3-M @k pnt1, @ B 2 1 4 MOXKEM B34Tb JIIOOOM.

Hr106b! MPUATH K MPOTHBOPEYUHUIO JIOCTATOYHO HOJIyIuTh fi < fi (IpoTuBOpeYuT ¢ TéM, 94To fi ONTH-
MaJsIbHO). OT MPOTUBHOTO MBI YK€ 3HaeM, 9To f3 < fo.
o Ciyuaii #1: qi, = Qin+1- lIycTsb 2-e pasOuenne mMeeT MEHTD Gk, & 4-€ TEHTD Gk pi1-

Ipu fi — fo dysKIma yseamauaach Ha Wyi1(Tni1 — Ty, )-
Hpu f3 — f4 GYHKIMA yMEHBIIIIACH HA Wyt 1 (Tnp1 — Tq, ., )-
Qkn = Qkn+1 = YMEHBIINIACH XOTd OBl HA CTOJIBKO 2Ke, Ha, CKOJIBKO yBeInmdmaach fs < fo = fi < fi.

o Ciyuaii #2: ¢, < Qrnt1- llycTb 2-e pasbuenne uMeer TEHTD g pt1, & 4-€ TEHTD G .-
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HamomuuM 910 pipi1 < Prp < Qen < Qroni-

ObozuaunM fo3 = fo — f3, fia = f1 — fa. Hokaxem 0 < fo3 < fi4. [lepBoe yike ecTh, HYKHO BTOpPOE.
JlokasbiBaem fi4 — fo3 = 0. [Ipu BerauTaHnn COKPATUTCS BCE KPOME IMOCJIETHETO OTPE3KA.

B nocseipeM orpeske COKpaTHTCs BCE KPOMe PACCTOSHUI It TOYEK (Dg.nt1s Dkn)-

MHozkecTBO TOUEK B f14 U fo3 OHO U TO K€, & PACCTOSHUSA CIUTAIOTCA J10 G 5, U G nt1 COOTBETCTBEHHO.
3aMeTHM, 9TO PACCTOSAHUE O Gk p41 OOJBIIE U OEPETCA CO 3HAKOM MHHYC =

fia — fo3 2 0= f14 > 0= f; > f4 = f1 ve ontumausen. [IporuBopedne. [ |

Lm 10.6.3. Jlna 3anad, rae Pi, < Prpt1 BEPHO U Pr_1pn < Dip-

Joxazamesvcmeo. Ot nporuBHoro. [locMoTpuM Ha MEMOYKM JIJIsT BOCCTAHOBJICHUST OTBETa,

n— pgn—1 — ... 00 = pp_1,—1 — ... Ecom B pi,, < Pi—1,, TO BTOPAA HENOYKA M3HAYATIHHO
OOrOHSIET TIEPBYIO, lIepBasi B UTOre JOJKHA JIOTHATH W TeperHaTh (B MEepBOil OOJIbIlle OTPE3KOB, a
KOHEIl y HUX OOIINii. [ |

10.7. OnTuMm3anusa MeTOJIOM “‘pa3aedili u BJIACTBYt”’

[Iycrb Mbl yzke HacuuTagu cTpoky juHamuku f[k—1], To ecrb, 3naem f[k—1, x| pis Beex x.
Haiisém cTpoky py MeTomoM pasjiesisiii u BjaacTByit, yepes ueé 3a O(n) nocuuraem f[k|.

Ve nokazamu 10.6.2 Yk pr, < Prnti-
Hanumem dbyHsKumio, KoTopast CIuTaeT p,, s Beex n € [I, 7], 3uas, aro L < Prn < R.

void go(int 1, int r, int L, int R) {
if (1 > r) return; // mycTo#fl oTpe3oK
int m = (1 + r) / 2;
Haiimém plk,m] B 106 32 O(R—L+1)
go(l, m - 1, L, plk,m]);
go(m + 1, r, plk,m], R);

}

go(l, n, 1, n); // mocumrars BCO CTpoky plk] mna x = l..n

Teopema 10.7.1. Bpems paborsr nepecuéra f[k—1] — py Bcero s O(nlogn)

Jlokasamenvcmso. Tinybuna pekypeun He 6osiee logn (JiinHA OTpe3Ka YMEHBIIAeTCst B 2 pasa).
Ha kazkjioMm ypoBHe pekypcun BbiosHstorcs noazanadu (Ly, Ry), (La, Rs), ... (Lg, Ry).
Ly =1,R; = Liy1, R, = n = Bpewms pabotel = » (R, — L;+1)=(n—1)+k <2n=0(n) [ |

10.8. Ctpecc TecTupoBaHUE
DTO HYKHO JIJIsl IPOBEPKU WHBAPUAHTA, KOTOPBI TIO3BOJISIET IIPUMEHSATh PA3/IE/IsIil U BIACTBYIA.

Kaxk BwI Buzenn us pokasarenbersa 10.6.2, OHO BecbMa HETPUBHUAJILHO.

Ob6osnauuMm 3a P, BEpOATHOCTH TOI'O, YTO BaM IONAJAETCS JMHAMUKA, I/ MOXKHO IIPUMEHUTDH OIl-
tumu3anuio Kuyra win “pasnensit u BiractByit’. Obo3naunm 3a P, BEPOSITHOCTH TOTO, 9TO 3a/a4a
HOIAIETCA, U BBI CMOXKeTe JoKa3aThb Tpebyemoe Vn,k pi, < Dint1. Llyers P > 0, % — 0.

Ho 3auem joKa3bIiBaTh, €C/IM MOXKHO HAIIMCATH O€3 ONTUMUBAIUNN U TOCTPECCUTD !

Ectr gBa criocoba.

#1. B3arb pemenne 6e3 Kuyra, ¢ Knyrom n Ha cirydaifHbIX TecTaX CpaBHUTH OTBET.

#2. [locraBurs B pemennn 6e3 KnyTa n nocrasuts BHyTpHu assert (Vn,k pr, < Denti1)-
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Bropoe 6osiee cubHOE CBUJIETETHCTBO, HO HY?KHO OBITH aKKYPaTHBIM Ha KPAaHUX 3HAYEHUIX 1, k.

JlokazaTeabCTBO ¢ TOYKH 3PEHUsS TPOrPAMMUPOBAHUS: MOCTPECCUTDH HA MPABUILHOM HAabOOPE TECTOB.
TyT BaxKHO MOHUMATh, YTO KpaiiHue cjlydal B OCHOBHOM IPOSABIISIIOTCA Ha MaJIEHBKUX TecTaxX. 10
ectnb, nanpumep, 2 < k < n < 8 u Beca, koopauuats B [1,8]. 10° Takux TecToB u oK.
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Jlekrus #11: lunamudeckoe mporpamMmMupoBaHue (4actb 3)
25 HOSAOPsI

11.1. /IluHamMmKa 110 IIOJOTPE3KaAM

Pacemorpum mHAMEKY 110 mogioTpeskaM (nmpakTuka, 3aiada 4). Hampumep, 3amady o nponssejeHnn
MaTputl, Kotopyio, kKeraru, B 1981-m Hu & Shing permmm 3a O(nlogn).
Pemenne auuaMukoii: HacauTaTh fi,, CTONMOCTH HPOU3BE/ICHHs OTpe3Ka Marpwuil [, 7]
fl,r = min (fl,m + fm+1,r + alam—i-lar)

mell,r)
[Topsimok mepebopa cocrosiamii: 1 [
MozkHO paccMoTpeTh anuKJIndHblil rpad Ha Beprmuax [[, 7] u pébpax [I, m|, [m+1,r] — [l,r], coor-
BETCTBYIONIUI HAIIEMy pelreHuio. 3ajada, KOTOPYIO MbI PEIlaeM, yzKe He BhIparXKaeTcsi B TEPMUHAX

LER))

“mouck myTn’ WK “KOJIMYECTBO IyTeil” B rpade. BepHbIM ocTaércs JIUIIL TO, YTO OTBET B BEPIITHHE
[[, 7] MOXKHO BBIPA3UTh Yepe3 OTBETHI JJIs MO/3a/ad, TO €CTh, JJIs COCeJIell BepIuHbI |1, 7).

SaHnMaTeIbHbBIN (DaKT: BCe 339U JIMHAMUIECKOTO TPOTPAMMUPOBAHUS KPOMeE ‘JIMHAMUKH I10 11010~
Tpe3KaM’, KOTOPbIE Mbl Pelllajid paHee WU PEIIUM CEerojHs, TaK!U BbIPAXKAaIOTCA, KaK “TIOUCK ITyTH
W “KOJITYECTBO TIyTeil’ .

11.2. KombmHaTopuka

Jlar KoMOMHATOPHBIN 00bLEKT, HAIIPUMED, IepecTaHoBKa. Haydumcest 110 00beKTy HoIydarTh ero HoMep
B JIEKCUKOTPaPUIECKOM TOPsIKEe 1 HA0OOPOT 110 HOMEPY OObEKTY BOCCTAHABINBATH OOBEKT.

Hamnpumep, ectb 6 miepecTaHOBOK U3 TPEX JIEMEHTOB, JIEKCUKOIPpAPUIECKH UX MOXKHO YIIOPSI0UUTD,
kak Bektopa: (1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1).

BaHymepyeM ¢ HyJist, TOrJa HOMep epectanoBku (3,1,2) — 4.

[lenb — HAYyIUTHCST OBICTPO HEPEXOJNTH MEXKIY HOMEPOM O0OBbEKTa U CAMUM OOBbEKTOM.

3adeM 3TO MO2KeT ObITh HY>KHO?

(a) 3akommpoBaTh IEPECTAHOBKY MUHUMAJBHBIM YUCIOM OUT, COXPAHUTH Ha JIUCK
(b) UcnonpzoBarh HOMED, KaK WHJEKC MACCHBA, €CJIU COCTOSHUEM JIMHAMUKH SBJISETCS TE€PecTa-
HOBKa,

e O6bekT — HOMep (IIepecTaHOBKM)

Ha npumepe nepecTaHOBOK M3yUYUM OOIIMIT aJITOPUTM.
Hy:xH0 mocuuTaTh KOJHYECTBO MEPECTAHOBOK JIEKCUKOTPpA(PUIECKU MEHBIIHAX P.

{ar,a9,...,a,} < A{p1,p2,...,0on} & 3k a1 = p1,a2 = pa, ... Qg1 = DPr—1, ar, < pi. Llepebepém k u

ag, IIOCJIE€ 9TOI'0 K OTBETY HY2KHO HpI/I6aBI/ITb KOJIMYECTBO CHOCO6OB 3aKOHYUTH Hpe(bI/IKC ai,...,ag,
TS TIepecTaHoOBOK 910 (n — k)!. 31ech ap MOXKeT ObITh JHOObIM YUCJIOM, HE DABHBIM a1, . . . Qk_1.
vector<bool> was(n+1);
int result = 0;
for (int k = 1; k <= n; k++) {

was [p[k]] = true;

for (int j = 1; j < plk]l; j++)

if (Ywas[jl) // Bubupaem a; =pi,...,05—1 = Prp—1,0k = J
result += factoriall[n-k];

}
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Bpewms paborot O(n?). s nepecranorok cymecrsyet ajroputs 3a O(nlogn),
Halla IMeJIb — JIUITb TPOJIEMOHCTPUPOBATH ODIILYIO CXEMY.

e O6bekT — HOMep (IIpaBUJIbHbIE CKOOOYHBIE IIOCJIEIOBATEIHHOCTH)

[Iycts y mac ogun Tum ckobok u * (2 < ?) . Umem kosmaectso [ICIL, menbmux s, |s| = n. [lepebepém
k, ecmm s = ’)’, nonbiTaemcs 3aMeHUThb, Ha ’ (’. CKOJIbKO CIIOCO00B 3aKOHUUTH, 3aBUCUT TOJILKO OT
k u Tekyrmero Gasanca b, pa3HOCTH YUC/Ia OTKPBIBAIONINX M 3aKPBIBAIONIIX CKOOOK B $[1..k) 4+ 7 (7.
[Ipeamozpcantaem muaaMuky dplk,b] — aucsio crocobos 3akonunTh. Baza: dp[n, 0] = 1.

dplk,b] = dplk+ 1,0+ 1]+ (b=070:dplk+1,b—1])

int balance = 0, result = 0;
for (int k = 0; k < n; k++) {
if (s[k] == ’)?)
result += dpl[k, balance+1]
balance += (s[k] == >(> 72 1 : -1);
}

Bpewms pabotst anropurma O(n), Bpems npeanojcuéra — O(n?).

Sameuanue 11.2.1. Maremarukn noropapusatot, 9to dp [n,k] — pa3HOCTH IIIIEK.
BHas 910, MOXKHO puayMaTh aaroputm 3a O(n) 6e3 mpeanoacuéra.

e Homep — 06GbekT (mepecTaHOBKH )

Y100bI TOJYIUTH 1O JIEKCUKOTpaUIECKOM HOMEpPY k caM OOBEKT, HYy:KHO CTPOUTH €ro CjieBa Ha-
npaso. [lepebepém, 4o crouT Ha nepBoM Mmecte B nepecranoske. [lycth crout d, ckobKoO c1iocoboB
IPOJIOJZKUTE TiepectanoBKy? (n— 1)! cocobos. Ecmn k < (n—1)!, 7o HyKHO CTaBUTh MUHUMAJIBHYIO
mudpy, nHade yMeHbIUTh k Ha (n — 1)! 1 monpoboBaTh MOCTABUTH CIIE/YIONIYIO. .

vector<bool> was(n+1) ;
for (int i = 1; i <= n; i++)
for (int d = 1;; d++) {
if (was[d]) // memnpss mocTaBuTh d Ha (-0 HO3ULKL, T.K. yX€ HCIOIL3yeTCsS paHee
continue;
if (k <= factorial[n-i]) {

pli]l] = d, was[d] = 1; // craBuM d Ha (-0 TO3UIUL
break;
}
k -= factorial[n-il]; // mpomyckaem (n—i)! mepecTanoBok, HaduHALMUXCH C d

}

Bpemsa paborbr O(n?). s nepectanoBok ecth aaroputsm 3a O(nlogn).

e Homep — 06GbekT (mpaBusibHbIe CKOOOYHBIE TOCJIEIOBATEITHHOCTH )

JleficTByeM TI0 TOIT 2Ke CXeMe: TIbITaeMCs Ha MEPBYIO TO3UITUIO TOCTaBUTH criepsa ’ (7, 3aTtem ’) . Paz-
HUIIA JIXIITb B TOM, YTO YTOOBI HANTH “I1CI0 CIIOCOOOB JIOMOJTHATH Pe@UKC 10 IPABUILHON CKOOOTHOI
[IOCJIE/TIOBATETLHOCTH ', HY?KHO TIOJIB30BAThCs TPEIINOACYUTaHHOM JuHnamMukoit dp [i,balance].

int balance = 0;
for (int i = 0; i < n; i++)
if (k <= dpl[i+l, balance+1])
s[i] = > (’, balance++;
else
k -= dp[i+1l, balance+1], // mpomyckaeM BCe HIOCIELOBaTEIbHOCTH, HaumHabmumecs c ’ (’
s[i] = ’)’, balance--;
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11.3. Pabora ¢ MHO>XKecTBaMu

CyrecTByer OUEKITHsT MeXK/Iy MOJMHOXKeCTBaMU n-3jeMenTHoro muoxkecrsa X = {0,1,2,...n—1} u
uesbivu ancaamu or 0 1o 2" — 1. f: A — > 2% TIpumep {0,3} — 204+ 2% = 9.
Takum 00pazoM MHOYKECTBO MOXKHO HCIIOJIb30BATh, KAK MHJIEKC MaCCUBA.

Lm 11.3.1. AC B = f(A) < f(B)

C MHOXKeCTBaMHU, 3aKOANPOBAHHBIME IHCJIAMH, MHOrOe MOKHO Jesiarh 3a O(1):

(1 ¢« n) -1 Bcé n-siremenTHOE MHOXKECTBO X
(A » i) & 1 IlpoBepurh HaIU4IME i-I'O JEeMEHTa B MHOXKECTBE

Al (1 « i) HobaBurh i-it 37€MEeHT

A& "(1 « i) VYamanuThb i-if SJ1eMeHT

A~ (1« i) [obaurh/ymaguTs i-it 3jieMeHT, ObII = YIaJUTh, HE ObLT = J00aBUTH
A& B [Tepeceuenne

A | B O6bennuaenne

X & "B HorotHenune

A& "B Paznoctn

(A & B) = A Ilposepurs, siBisiercs ju A moaMuokecrsoM B

11.4. /JIunamMuka 110 IIOAMHOXKeCTBaM
Tereps pemmm HECKOJIBKO IPOCTHIX 3a/1a.

e Yucsio 6utr B MHO>KecTBe (pa3Mep MHOXKECTBA)

for (int A

= 1; A < (1 << n); A++)
bit_cnt [A] =

bit_cnt[A >> 1] + (A & 1);

BaMeTHNL‘¥H)aHaHOFHQHbﬁiPGSYHBTaT MOHﬁﬂ)6bUK)HOHYQHTb HpOCTHWIHep€60pOMZ

© 00 O T Wi

void go(int i, int A, int result) {
if (i == n) {
bit_cnt [A] = result;
return;
}
go(i + 1, A, result);
go(i + 1, A | (1 << i), result + 1);
}
go(0, 0, 0);

3ech i — HOMED deMenTa, A — HabpaHnnoe MHOXKECTBO, result — ero pasmep.

e CyMMa B MHO>KeCTBe.

[TycTb i-it 971eMeHT MHOYKECTBA UMEET BeC w;,

sazada: VA mafiTu Haiitn cymMy Becos s[A] =), w,.
PexkypcuBHoe pemenue 1mouTy He IOMEHsIeTCsT:

go(i + 1, A | (1 << i), result + wl[i])

B pertternn iuHaMuKoit, 9T00bI HACYUTATE S[A], TOCTATOUHO 3HATD JIFO0OI eMHIIHbIH 6uT Yncta A.
Hay4aumcs mojyiepKuBarh cTapiiuii OuT qucjia, 0003HaAYUM €ro up.
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up = 0;
for (int A = 1; A < (1 << n); A++) {
if (A == $2~{up+1}$) Dbit++;

s[A] = s[A = (1 << up)] + wlupl;

11.5. 'aMUJIbLTOHOBBI IYTh U ITAKJI

Def 11.5.1. Iamuavmoros nymsv — nymov, nporodauiuil no 6Cem 8epUUHAM POSHO MO 00HOMY PA3Y.

ByneMm mckaTh raMUJIbTOHOB My Th JUHAMUYECKUM ITPOrPAMMIPOBAHIEM.
Crpoum myTh. UTO HAM HY?KHO TIOMHUTH, 9TOOBI ITPOJIOJIZKUTH CTPOUTD IyTh! [1e MbI ceitdac cToum
1 Yepe3 KaKne BEPIINHBI MbI Y2Ke IIPOXO/INJIN, YTOOBI He MPOWTH Yepe3 HUX BTOPOIl pas.

is[A,v] — MOXKHO JI TIOCTPOUTH IIyTh, KOTOPBIH ITPOXOJIUT POBHO 10 A, 3aKaHYNBaETCs B 0.

[Iycrb gla, b] — ecrb iu pebpo u3 b B a, n — ducio Bepiiud B rpade, Toraa;

for (int i = 0; i < mn; i++)
is[1 << i, il = 1; // Basa: A= {i}, uyTb u3 OnHON BEpUHHH
for (int A = 0; A < (1 << n); A++)

for (int v = 0; v < n; v++)
if (is[A, v1)
for (int x = 0; x < n; x++) // llepebepéM crenyomyn BepUUHY

if (x € A && glx, v])
is[A | (1 << x), x] = 1;

Bpewmst pa6orsr O(2"n?), namars O(2"n) MAIIMHHBIX CJIOB.

e OnTMHU3UpyeM MaAMHATh.

Crpoka jqunamuku is[A] cocrout u3 n 6uT, €€ MOXKHO XPaHUTh, KAK OJJHO MAIUHHOE CJIOBO (int).
Qusnyecknii CMBIC TOrJIa Oy/IeT Takoii:
ends|A] — MHOXKeCTBO BepIINH, Ha KOTOPbIE MOXKET 3aKaHIMBATHCS My Th, IIPOXOISIIH 10 A.

e OnrTuMuU3UpyeM BpeMms.

Tenepb MOKHO yOpaTh U3 HAIIEro Koja 1nepebop BEepIIMHbL v,
3a O(1) mposepsisi, ecThb Jiu 06Ut sjaeMenT y glx] u ends[A]:

for (int i = 0; i < n; i++)
ends [1 << i] = 1 << i;
for (int A = 0; A < (1 << n); A++)
for (int x = 0; x < n; x++) // llepebepéM cremyouLyo BepUUHY
if (x € A && glx] N ends[A] # @)
ends[A | (1 << x)] |= 1 << x;

Bpewmst paborsr O(2"n), mamsars O(2") MAIIMHHBIX CJIOB.
[Ipeamonaraercs, 9To ¢ YUCIaAMHA MOPsijiKa 1 Bee apudmerndeckue oneparun mpoucxoaar 3a O(1).
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11.6. BepmmuHHag moKpacka

e 3aj1ava: TOKPACUTh BEPIHIUHBI rpada B MHHUMAJIBHOE YHUCJIO IBETOB TaK, YTOOBI COCE/IHUE BEp-

HINHBI UMEJIN Pa3J/IMYHbIC IIBETa.

Cpasy 3aMeTuM, 94TO BePIIHHBI OJHOIO IIBeTa 00Pa3yioT Tak Ha3biBaeMoe ‘He3aBUCUMOE MHOXKECTBO :
pasy 5 p i 1T pasy
MEeXKJly BepIIMHAMU OJHOI'O IIBETa IOIapHO HEeT pedep.

[IpeamoscanTaeM Jijis KaxK10ro MHOXKeCTBa A, is[A] — sABJISeTCS I OHO HE3ABUCHMbIM.
Eciu cuurars B 106, 2"n?, Ho MOXKHO 1 3a 2™

Ay = A ~ (1 << up); // BCE xpoMe OIHOU BEpUKHH
is[A] = is[A] && (glupl N A == @)

Ternepb penmmM UCXOIHYIO 33181y JMHAMUKOIL:
f1A] — MEHEMAJIbHOE YHCIIO TIBETOB, YTOOBI MOKPACUTH BEPIIUHBI U3 MHOKECTBA A.
e Pemtenne 3a O(4")

ITepebepém A, B: A C B A is[B \ A]. B na3biBacTcs HaIMHOXKECTBOM A.
Jlunamuka Buepén: nepexon A — B.

for A=0..2"-1
for B=0..2"-1
if A C B and is[B \ Al
relax (f[B], f[A] + 1)

Bpemsa pabotsr 2 x 2" = 4™,

11.7. Bepmmunasi nokpacka: pemenune 3a O(3")

e Ilepebop HagMHOXKECTB

Hayuumest 6picTpee niepebuparh Bee HamHOKecTBa A. MoxKHO 1pocTo B3sTh Bee n — |A| 371eMeHTOB,
KOTOpBIe He JeskaT B A u nepebpars u3 2" Al mogmuozkecTs. Mozkno mporte, He BBLIEAA OTIETHLHO
st 1 — |A| ssemenTos.

for (A = 0; A < 2°n; A++)
for (B = A; B < 2°n; B++, B |= A)
if is[B \ Al
relax (f [B], f[A] + 1)

Brarogapst “B |= A”, moHATHO, 9TO MBI IlepedbupaeM MMeHHO HajaMmHOKecTBa A. [lodemy mMbI mepe-
Gepém Bee? Mbl 3HaeM, 4TO ecyi Obl Mbl BbLIEIUIH Te N — |A| 31eMeHTOB, TO nepebuparh HyKHO
6B1I0 OB Bee Testpie aucao or 0 o 27 Al — 1 B nopsike Bozpacranms. Coreyioniee YnCIO MOy Y-
ercsd orepanueir “+1”7, kKoropag mender majmuii 0 mHa 1, a XBocT u3 ejaunul; Ha HyIu. PoBHO 3TO
cjies1aeT Hallla orepalud “+17) pa3Huiia JIMIb B TOM, YTO OUTHI HAIErO YUCJIA UJIYT BIEPEMEIIKY C
“emunnnavu muokectBa A”. Tlpumep (KpacHbIM BbIJeaeHbl OuThl A):

1101011111 Yucno B
1101100000 Ymeno B + 1
1101101001 Yucso (B+1)| A

Teopema 11.7.1. Bpemsa paborsr 3"

Joxazamesvemeso. Korna muoxkectBa A u B 3aduKCHPOBAHBI, KAXKIbII 9JIEMEHT HAXOUTCS B OJTHOM
u3 TpExX cocrosimit: jiexkut B A, jexxkur B B\ A, nexkur B jgonosuaennn B. Beero 3" Bapuantos. W
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Zloxazameavcmeo. Jpyroii criocob j0Ka3aTh TEOPEMY.
Msr cumraem ) 4 on—IAl — Y 2101 = Yok (2)2’“ =(1+2)"=3" [

e llepebop momMHO2KECTB
MozkHo 66110 OBI HAOOOPOT TepedbupaTs A C B 1o gannomy B.

for (B = 0; B < 2°n; B++)
for (C = B; C > 0; C--, C &= B) // Bce HemycThe momMHOXecTBa B
if is[C]
relax(£[B], f[B \ C] + 1)

3aMeTuM HEKOe CXOJICTBO: orepalineii “C--" s 1mepexoxKy K IpeIblayIIeMy OJMHOKECTBY, ollepaluei
“C &= B” g rapaHTUPYIO, 9TO B KaK/Iblil MOMeHT Bpemenu C' — BCé emé mojamuoxkecTBo. CymmapHas
BpeMst paboter Takzke O(3"). BaykHast TOHKOCTB: MBI 1tepebrpaeM Bee TIOIMHOKECTBA KPOME IIyCTOrO.
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Jlekiust #12: JlunHamudeckoe mporpamMmMupoBaHue (4actb 4)
2 nekabpst

12.1. Bepmiunnaas nokpacka: pernitenne 3a (0(2.44")

Def 12.1.1. Hesasucumoe mmostcecmeo A Ha3vi6aemes MaKCUMAALOHOM MO GKAIOUEHUIO,
ecru Ve ¢ A AU{x} — ne nezasucumo.

Teopema 12.1.2. Vrpada u3 n BepiinH KOJNIECTBO MAKCUMAJIbHBIX 110 BKJIFOUEHUIO HE3aBUCUMbIX
n

MHO>KeCTB He 6ojiee 33 ~~ 1.44™.

Joxazamesvcmeo. PaccMOTpUM aJIrOPUTM, IIepeOUPAIONINii Bce MaKCUMaJIbHBIE 110 BKIIOUEHUIO He3a-

BUCUMbIE MHOYXKECTBa. BO3MOXKHO, HEKOTOPbIE MHOXKECTBA OH Iepe0epET HECKOJbKO pa3, HO KarxKJoe
XoTd OBl oytH pa3. [lycTh v — BepimHa MUHUMAJIBLHON CTEIeHN, T — CTEIEHD V.

Nnesa. Eciin B MakKCUMaIbHOM TI0 BKJIIOUEHHIO MHOXKECTBE OTCYTCTBYET v, JOJI?KEH IMPHUCYTCTBOBATD
OJIUH U3 T €€ coceieit = ojiHa U3 x + 1 BepuiuH (v U €€ cocein) TOIHO JIEKUT B OTBETE.

void solve(A, g) { // A - Tekymee He3aBUCHMOE MHOXECTBO

if (g is empty) { // g - rpad, BepumHE KOTOPOTO MOXHO NO6aBUTH B A
print (A) // A TOYHO MaKCHMaIbHOE IO BKINYEHHIO
return

}

V = BepIVHA MUHVMANbHOM CTENeH: B g

solve(A U {v}, g \ {v, cocemulv]})

for (u : cocemu[v])

solve(A U {u}, g \ {u, cocemulull})
}

solve (0, graph) // 0 - mycToe MHOXECTBO

Lm 12.1.3. Crpoka c print Beoserca O(1.44")

[TockonbKy Yu € cocemulv] degree[u] > degreev] = x nmeem
spems pabotel T'(n) < (z+ 1)T(n— (z+1)) < (x4 1)=+1. !
YT100bI MAKCUMU3UPOBATH 3Ty BEJIUYNHY, HY?KHO PO inddepeHimpoBaTh 1o x, Haitu 0...

OmycTuM 3Ty TEXHUYECKYIO YacTbh, IPOM3BOHAS UMEET OJUH KOPEeHb B TOUKe T + 1 = e = 2.71828...
Ho x — crenenn, mosromy x + 1 nesioe = makcumym it B ¢ + 1 =2, wm B ¢ + 1 = 3.

Tomywaen 22 & 1417, 33 & 1447 = T'(n) < 33 ~ 1.44". n

e Anropurm 3a 2.44"

Mper ymeem 3a 3™ nepebupars A u B — HezaBucuMble ToamHOKecTBa rpada G\ A, Gyaem nepebuparh
He BCe HE3aBUCUMBbIE, & TOJILKO MaKCHMAJbHbBIE 110 BKJIIOYEHHIO.

Teopema 12.1.4. Bpemsa paborsr 2.44"

Joxkasamenvemeo. Y, 1.4477 1A = 37 1.441€0 = 357 (1) 1.44% = (1 4 1.44)" = 2.44" |
TTouyeMy He BBI'OIHO BBIYHTATH U3 1 CHEPBA 1, 3aTeM Zo? IloTOMY 4TO T1xo < (%)2
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12.2. Set cover

Bamaga: qano U = {1,2,...,n}, A1, Ay, ... A,, C U, BbIOpaTh MEHUMAJIBHOE YHCJIO MHOKECTB, I10-
kpbiBaronux U, To ectb, I: (| J;c; Ai = U)A(|I| — min). Bspemennas Bepcus: y i-ro MHOXKECTBa €CTh
IIOJIOKUTEIBHBII BEC W;, MUHUMU3HPOBATE » . W;. 3a/la4a OX0zKa, Ha “DIOK3aK Ha IOMHOKECTBAX ',
eé MHOTJIa TaK U Ha3bIBalOT. Permarh eé OyjiemM TakxKe.

Pentenne 3a O(2"m).

Huuamuka f[B] — MEHIMAJIbHOE YUCI0 MHOKECTB U3 A;, pafomux B obbejauHeHnn B.

Baza: f[0] = 0. [lepexox: relax(f[BU A;], f[B] + 1).

[Mamsars O(2") (uucao cocrosHuii), BpeMeHn 2™"m — 1o m Mepexo/ioB U3 KayKJI0r0 COCTOSHUSI.

12.3. Bit reverse

Emé oxna mpocrast 3a/1a4a: pasBepHYTh OUTOBYIO 3allliCh UNCIIA.

Craenarb npeamnozacaér 3a O(2™) st Bcex n GUTOBBIX YHCE.

Hampumep 00010110 — 01101000 pm n = 8. Permmenne 3ak/rodaeTcss B TOM, YTO €CJIA OTKUHYTD
MJIQJIINNE OUT YUC/Ia, TO reverse OCTAJIbHBIX OMTOB MbI y2Ke 3HAaeM, UTaK:

reverse [0] = 0;
for (int x = 1; x < (1 << n); x++)
reverse [x] = (reversel[x >> 1] >> 1) + ((x & 1) << (n - 1)).

Bajava, kak 3amaqda. [lonamgobures HaM, Korga 6yger npoxoanTh FFT.

12.4. Meet in the middle

12.4.1. KommdecTBo Knuk B rpade 3a O(2"/?)

CrepBa HamuieM pekypcuBHoe perenne 3a O(2").
[Iepebupaem 110 odepeu BEPHINHBI U KaXKIyI0 WK OepéM, uin He 6epeM.

int CntCliques (int i, int A):
if (A == 0) return 1;
return CntCliques(i+1, A & ~2°) + ((A & 2°) 7 CntCliques(i+1, A & gl[i]) : 0);

print (CntCliques (0, 2"-1));

31ech A — MHOXKECTBO BEPIINH, KOTOPBIE MbI €II¢é MOXKEM JIOOABUTH B KJIUKY.
gli] — MmHOX)KECTBO coceieit BepiHB A.

[Tapamerp ¢ MOXKHO He TacKaTb 3a cOOOi, a BRIYUCIATL 1 = lower_bit(A).
Oyukimo lower_bit mbl ymeem peasnnsoarh 3a O(1) (cM. mpakTHuKY).

Y nac ectb ko, paborarormuit 3a O(2"). Kox ssisiercss nepebopom. OTeer (int, KOTOPbIi BepHET
nepebop) 3aBUCUT TOJIBKO OT TapaMerpa A = MOXKHO JI06aBUTh 3allOMUHAHUE (MEMOM3AINIO) OT A.
[Tepebop mnpeBpaTuTCcs IpU 3TOM B “JICHUBYIO JIMHAMUKY .

int CountCliques (int A):
if (A == 0) return 1;
if (f[A] '= 0) return f[A];
int i = lower_bit (A);
return f[A] = CountCliques(A ~ 2%) + CountCliques(A & glil);
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MpbI peaim3oBaii €CTECTBEHHYIO HICIO “€CJIM YK€ BBIYHC/ISIN 3HaUeHne PYHKIUT OT A, 3adeM can-
TaTh emié pa3? MOKHO IIPOCTO 3AIMOMHUTD pe3yabTaT . OT MpUMEeHEeHNsT TAKOM OIITUMUBAINH K JTFOO0MY
1epedbopy acCUMIITOTHKA BpeMeHr paboThl TOYHO HE YXY/IIUIACh, KOHCTAHTA BPEMEH! PAbOThI MOTJIa
YBEJIMIUThCA. B JJAHHOM KOHKPETHOM CJIydae CJIYUUJIOCh 9yJI0:

Teopema 12.4.1. Ilepebop c 3anmomunannem CountCliques pabotaer 3a (9(2”/ %)

Jloxazamenvcmeo. Tocunraem ducso nap (i, A) s Koropbix Mbl 3axoiuin B CountCliques.

[Tap ¢ i < § e 6obie 2! ToTOMY UTO § > IVIyOUHDLI PEKypCUH,

Ha, KakJIOM YPOBHE PEKYPCHH MbI BETBUJIUCH Ha 2 BETKHU.

ITap ¢ 7 > 5 ne Gonbmie 2" Giaroaps 3alOMIHAHUIO:

y MHOKecTBa A mepBble ¢ OUTOB HY/IM = pa3audHbIx A He Gostee 277", [

e Meet in the middle.

B nokazaresbcTBe OTYET/IMBO IPOCIEKUBACTCS Ujled ‘pasjiesieHust Ha jiBe as3bl .
BamuIem To ke pelieHue nHave: pasobbEéM N BEPIIMH Ha JiBa MHOKecTBa — A u B 10 § BepIIuH.
Tt Beex 2™/2 mommmuozkects By C B 3a (’)(2”/ %) peanoncuntaem CountCliques [By].
MozkHO TeM ke 1epedbopoM, MOKHO HEPEKYPCUBHO, KaK B 3ajade ¢ MPaKTUKH.
Tenepnb Oyem mepedupaTh MOIMHOXKECTBO BepinuH Ay C A, mocunraem MHOXKeCTBO coceneit Ag B B:
N = () glz], nobasum K oTBeTy yzKe nocunrtanHoe 3Hadenne CountCliques [N(Aq)].

TEAQ

CpaBHuM peasim3ariuu Ha ocHoBe ujen ‘“meet in the middle” u mepebopa ¢ 3anomuHAHTIEM:

e “meet in the middle” ncnonszyer maccus CountCliques([],
PEKYpPCUBHBII 1Iepebop ucoib3yeT xemr-taduiy f[].

e “meet in the middle” moxkHo Hanucarsh 6€3 peKypcuu = KOHCTAHTA BPEMEHU PabOTHI MEHbBIIIE.

e “meet in the middle” paGoraer ©(2"/?), a pexypcusnbri mepebop O(27/2), a0 HacTo ropasmo
MeHbIIe. ITo0b MHTYUTUBHO 3TO MOHATD, IIPUMEHHTE PEKYPCUBHLBINA 11epebop K CUILHO paspe-
»KeHHOMY Tpady, 3aMeThTe, KaK OBICTPO YMEHbIIAeTca A.

12.4.2. Piok3ak 6e3 Becos 3a O(2"/?)

Bamaga: jgano MHoxkecTBo nces A = {ay, ..., a,} BbIOPATH MOJMHOXKECTBO € CyMMOIi pOBHO S.

Pemenne. Pa3zobnéMm A Ha 1BE IIOJIOBUHEL 110 % quces, B KayKJI0M TOJIOBUHE I KayKJI0TO W3 on/2
ITOJIMHOXKECTB TIOCUUTAEM CYMMY, CYMMbI CJIO)KUM B MaccuBbl By u Bj.

Hyxuo BBIOpaTh T1 € By, 29 € By: 21429 = 5.

MbI 910 yMeeM jienaTh HECKOJIbKUME criocobamu: (orcoprupyeM By, Bs, mycTuMm jiBa yKasareJis) Wi

(cmoxkuM Bee 1 € By B xem-tabuuity, Yy € By nonmem S — o B Xen-rabmrge).

12.4.3. Proksak c Becamu 3a O(2"/%n)
Bapmaua: “yHectu B piokzake pazMmepa W Bemu cyMMapHOil MaKcuMaJIbHOI crommocTn’.

Pemenne. Pazo0bém Bely Mpon3BoOILHBIM 00pa3oM Ha JIBE TIOJIOBUHBI 10 5 Bemleii.

B kax10ii moyioBuHe ecTh 2™/2 110IMHOMKECTB, MBI MOYKEM JUIs KazKJIOI'0 TAKOTO HOJIMHOMKCCTBA Ha-
cumath 3a O(2"/2) ero Bec m cToMMOCTD (MM PEKYPCHs, WA JTHHAMEKA).

[Momyuwnmn gBa MaccuBa nap (wy, costy) [1, (wy, costs) [1.

Badurcupyem, 910 Mbl BO3bMEM U3 TIE€PBOii MOJOBUHBL: (W, costy)[i].

U3 BTOPOI MOJIOBUHBI Telleph MOXKHO B3ATh JIIOOYIO mapy, 910 ws[j] < W — w[i].
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Cpe/ir TaKUX XOTHM MAKCHMU3UPOBATH COSto[j].
Bapanee orcoprupyem mMaccu (wq, costs) [ 10 wy u HACUMTAEM BCe MAKCUMYMbI Ha MpeduKcax.

Anropurm 12.4.2. Asnzopumm sa O(27/%n)

remepupyem Maccmsi <w;, cost;>[], <wa, costy>[] // O(2"/?)
copTupyeM mapi <ws, coste>[] mo wy // CXQ”/2n)
f = npeburcuHhe MakcuMyMel Ha MaccuBe costo[] // CXQ"/%
for i=0..2™"%-1 do // O(2"/?n)
j = lower_bound(wo[]l, W - wy[il)
relax (answer, costi[i] + £[j])

MozkHO BMeCTO GUHIIOMCKA OTCOPTHPOBATH 00a MacCCHBa U BOCIOJIB30BATHCS METOJOM JIBYX yKas3a-
Testeii, aro Jyuiie, Tak kak O(sort + n) unorma menbine yem O(nlogn) (CountSort, BucketSort,
KirkpatrickSort).

Ob6mas cxema meet-in-the-middle — oqun pasjenuTs 3a7a4y pasMepa n Ha JiBe YacTH 110 5.

12.5. /IlnHaMUKa MO CKOIIIEHHOMY ITPOMUIIIO

Permim 33187y 1po MOKPBITHE JOMUHOIIKAME: €CTh JIOCKA C JIbIPKa-
Mu pasmepa w X h. CKOJIBKO CIIOCOO0B 3aMOCTUTH €€ JTOMUHOIITKAMUI
(durypst 1x2) Tak, 4T00bI KarxK1asi HEe JbIPKA ObLIA TIOKPBITA POBHO
onuu paz? s Havasa HaUIIeM peKypPCUBHBIH 1mepebop, KOTOPbIi
OepéT TepPBYIO HEMTOKPBITYIO KJIETKY M HBITAETCS €€ MOKPBITh. Ken
nepeOupaTh KJIETKU CBEPXY BHU3, & B OJIHOI CTPOKE CJIeBa HAIPaBOo,
TO €CTh BCEro JiBa CIOCO0a MOKPBITH TEKYIILYIO KJIETKY.

int go( int x, int y ) {

if (x == w) x = 0, y++;

if (y == h) return 1;

if (temptyl[yl[x]) return go(x + 1, y);

int result = 0;

if (y + 1 < h && emptyly + 11[x]1) {
empty [y + 1]1[x] = emptylyl[x] = 0; // mocTraBuiu BepTUKAIBHYO JOMUHOUKY
result += go(x + 1, y);
empty [y + 1]1[x] = emptylyl[x] = 1; // ybpamu 3a coboi

+

if (x + 1 < w && emptylyl[x+1]) { // amamormymo mma TOPM3OHTANBLHOM

empty [y + 1]1[x] = emptyl[yl[x] = 0;
result += go(x + 1, y);
empty [y + 11[x] = emptylyl[x] = 1;
}
return result;

}

go(x, y) BMECTO TOTO, 9TOOBI KaXK/Iblil Pa3 UCKATD C HYJIS IEPBYIO HEIIOKPBITYIO KJIETKY IOMHUT “BCE,
97O BbIIe-jIeBee (x,y) Mbl y2Ke MoKpblin’. BosBparmaer GyHKIs go 9uCI0 CrocOO0B TOKPACATH BCE
JIO KOHIIa. empty — IVI00aJIbHBIN MacCHB, S9eifKa IMycTa <> TaM HeT HU JIBIPKH, HA JIOMUHOIIKA. Bpemsa
PaboThI JaHHO BYHKINN He Gostee 2¥4c0 Aomusonex  gwh/2 Tlapajite Teleph, KaK 1 3a/1a4e PO KIHKH
JI006aBUM K HaleMy epebopy 3amomunanue. Yto ectb cocrosinue nepedbopa? Best maTpuma. [omydaem
CJICIY IO KOJI:
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vector<vector<bool>> empty;
map<vector<vector<bool>>, int> m; // 3amoMuHanue
int go( int x, int y ) {
if (x == w) x = 0, y++;
if (y == h) returm 1;
if (temptyl[yl[x]) return go(x + 1, y);
if (m.count(empty)) return m[empty];
int result = &m[empty];
if (y + 1 < h && emptyly + 11[x]1) {
empty [y + 1]1[x] = emptylyl[x] = 0; // mocTaBumu BepTHKAILHYO HOMUHOLKY
result += go(x + 1, y);
empty [y + 1]1[x] = emptylyl[x] = 1; // ybpamu 3a coboi
}
if (x + 1 < w && emptylyl[x+1]) { // amamoruvHo i TOPU3OHTAIBHON
empty [y + 11[x] = emptylyllx] = 0;
result += go(x + 1, y);
empty [y + 1][x] = emptyly]l[x] = 1;
}

return result;

Teopema 12.5.1. Kosmuecrso cocrostauii qunavuku O(2¥hw).

Jlokasameavcmso. Korpa Mbr HaxoauMest B Kierke (z,y). Uro Mbl @)
MOXKEM CKa3aTh IIPO MOKPBITOCTH OCTaJIbHBIX? Bee KiieTKu BbIlie-
neBee (x,y) TouHO not empty. A Bce HuKe-tipaBee? Kakne-To mMor-
Jit OBITH 3aJI€ThI y2Ke TIOCTABJIEHHBIMU JOMUHOIIKAMI, HO He OoJiee
9eM Ha OJ[HY “H3JIOMaHHYIO CTPOKY” cHu3y ot (z,y). Kpome sTux w
BCE KJIETKH HAXOJSTCS B MCXOJHOM COCTOSHIM. [

e /lanbHelilmasa onTuMBU3anust

ITo xomy mokazare/ibCcTBa TEOPEMbI MbI TaKKe IMPUIyMAJ CIOCO0 3allOMUHATHL OTBET JIYUIIe deM
map<vector<vector<bool>>, int> m: int m([w] [h] [2"] u obpamarbcs m[x,y,A]l, riae A — w 6ut
COOTBETCTBYIOIIEH M3JI0MAaHOH CTPOKH (CKOIMIEHOTO TPOMhUIIs).

e HepekypcuBHasi peajm3arus

Jwnavuka m[x,y,A] MoxkHO cuutarh 0e3 pekypcun: for x for y for A cremait 2 mepexoza

Ecnn nanmmem 6e3 pekypcnun, Mbl HOJIyYUM CJIEIYIOINIIE IITIOCHI-MUHYCBI:

+ Het pexypcunm = MeHbIlle KOHCTaHTa BpeMeHH pabOThI

+ MoKHO XpaHUTh TOJIBKO OJIMH CJION, MOIyINM AuHAMUKY m[A], yMeHbIIM mamMaTh namMsaTh 710 2%.

- CJokHee KOJL B TOM MECTE, IJIe MBI [0 CTapOMy A TIbITaAEMCS MOCIUTATH HOBOE A.

- B pekypcrBHOII Bepcuu n3-3a JIEHUBOCTHU ITOCEMAIOTCS TOJTBKO JTOCTUKIMbBIE COCTOSHUS.
Hampumep, B 3aga4de mpo jjomuaomiku 10 X 10 3 10 - 10 - 1024 cocrosinmit moceTum TOJILKO 9371.
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Jlekuga #13: Popmysia BKIIOUYEHUA-UCKIIOYEHUS
5 nekabps

13.1. (¥) PasamMmHO4YHbIE 3agaYn
Samada #1: KoJm9ecTBO 9UCeI OT 1 10 1, KOTOPbIe He JeJsITCA HU Ha OJHO U3 IIPOCTBIX P, . . ., Pk

Wnea: Bo3bMEM Bce dncia, JJId KazKJI0ro BLIYTEM ¢ BBIUYTEM KPATHBIE D;, T€, YTO KPATHBI P;P; BBHIYUIN
JIBa pasa, J100aBUM 00PATHO...

Pemenne 3a O(2%): orper = Y (=1 +2—].
AG[O,Q’“) HieApz

Pazbepémcst, mouemy MMEHHO TAKOil 3HAK Iepej] caaraeMbiM. PaccmarpuBaem MmuHOKecTBO A: |A| = k.

— . - k-1 ifk
Nunyknus no k. Basa k = 0. Ilepexoz: Mbl yuin 4nciia, KpaTHble BeceM p;: @ € A yxe Y - (—1) ( Z)
pas. A xorum yuects 0 pas. Jlobasum x cymme (—1)*, momyunres xak pas 0.

Bagaua #2: mycrb Tenepb JaHbl IPOU3BOJILHBIE YUCHIA A1, A, - . . , Aj.

Nnes pertennss He MOMEHAETCH, 9YHUCEJT KPATHBIX W Gy, U (A3 Lmj, HUTOT'O
n

Ae%%)(_DAl Lo Tremy J-

Bamaga #3. Cronm B kierke (0,0), xorum B (n,n), 32 X0 MOXKHO HJIM BIIPaBO Ha 1, WM BBepX Ha 1.

B kierkax (x1,y1) ... (Tk, Yx) aMbl. CKOJIBKO €CTh IyTell, He TPOXOJSIIHX O sMaM?

Eciun 661 sim He ObLIO, OTBET OBLIT ObI (2:)

(e = g(x,y).

B obmmem ciryaae obosHaunm (xo,yo) = (n,n) n HaUIEM AUHAMUKY f; — CKOJBKO CIIOCOOOB JOWTH
J10 it MBI U HE HPOBAIUTLCA B peabiiymue. fi = g(xi, yi) — 35 f9(xi—xj, yi—y;)). 3necy j — awma,
B KOTOPYIO MbI [IEPBOii IPOBATIINCE 10 MyTH B i-yio. CunraeM f; B mOpsijike Bo3pacTanust (x;, ;).

z+y)

Ecaun sambr ogna, oTBeT (271”) — ) st yobcTrBa 0003HAYNM ( .

13.2. (x) 3amauu ¢ popmysoit Mébuyca

Bagaua #4. CKOJIBKO €CTh MHOKECTB HATypaabHbix uucesn A: |A| =k < 100, lem(A) = n < 10'2.
Bamernm, Bce a; | n = nHaiiném D(n) — MHOXKeCTBO jiesuTesieit n, OyieT BRIOUpaTh TOIbKO a; € D(n).
Beero muoxkects ceituac |[D(n)|*. Borutem Te, y KoTopbix lem menbine n. Ilycrs lem = 2, Torja
HY?KHO ITpUOABUTH K OTBETY ud]D(g)]k, rJie flg — KO3MDUIUEHT, KOTOPBI MPeJICTONT HANTH.
fa=0—=>",,2: ap = 1. Homywaerca p=1,-1,-1,0,—1,1,....

B maremaruke p HasbiBaeTcs dyukiwmeit Méouyca |wiki| [itmo| u umeer Gosee npoctyio dopmyiry:
p(pipa- . .pk) = (—1)F muast npocTeix pasnuuHbIX p;, uHave 0 = Bee fi4), cauraworcs 3a O(D(n)).

WUroro: ans =3, pa| D(2)|*. Bpems pacorst O( factorize(n) + D(n)logk).
TODO: to be continued
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Jlexius #14: I'padbl 1 mOUCK B TJIyOHHY
5 nekabps

14.1. Onepenenenus

Def 14.1.1. I'pap G — napa mmoorcecme sepwun u pébep (V, E). E — mnootcecmeo nap epusum.

o Bepmmmnbl emé nnoria Ha3bIBAIOT Y3.4AMU.

o Ecin nanpasienue peGép ne umeer 3HaueHue, rpad Heopuermuposarnviii (Heoprpad).
o Ecsn nanpasienue peGép umeer 3uavenue, rpad opuermuposarnoiii (oprpad).

o Ecim pebpy 1010/ HUTETBHO COMOCTABICH BEC, TO rpad HA3BIBAIOT 636EULEHHLM.

o Pébpa B oprpade emé HazbBaOT dyzamu n'y pedbpa BBOIAT MOHATHE HAYGAO T KOHEU,
o Ecim E — MyJIbTUMHOXKECTBO, TO MOT'YT OBITH paBHBIE PEOPA, UX HABBIBAIOT KPAMMHHIMU.
o Uuorga, 9Tobbl OIIEPKHYTh, YTO F — MYyJBTHMHOYKECTBO, TOBOPST MYAbMUZPAP.

o ng pebpa e = (a, b), roBopsT, UTO € UHUUIEHMHO BEPIIUHE .

o Cmenens BepImHBL v B Heoprpade deg v — KOJIMIECTBO UHIUJICHTHBIX eif pEdep.

o B oprpade omnpenensior emgé srodawyro u ucrodauyro cmenenu: degv = degi, vV + degour V.
o /IBa pebpa c¢ oOIIeil BepITUHON HA3BIBAIOT CMEHCHHLMU.

o /IBe BepIIUHBI, COeTMHEHHBIX PEOPOM TOXKE HA3BIBAIOT CMENHCHBLMAU.

o Bepiruny crerenn HOJIb HA3BIBAIOT U30AUPOGAHHOT].

o Bepmuny crenenn ojuH HA3BIBAIOT GUCAYET WITH AUCTILOM.

o Pebpo (v,v) HasbBaOT NEMAE.

o IIpocmuwim Oynem Ha3bIBATH rpad 0e3 rmeTesib U KpaTHBIX PEdep.

Def 14.1.2. I[Iymv — uepedyrowanca nocaedosamervrocms sepuun u peébep, 6 Komopol cocednue
INEMEHMDL UHUUIEHMHDL, 0 Kpatinue — sepuiunst. B opepage nanpassenue ecex pébep om i x i+1.

o IlyTb sepwunrro npocmoti uam IpocTo npocmot, eCJii BCe BEPIIUHBI B HEM Pa3JIMIHbI.

o IIyTe pébepro npocmoti, ecim Bce pédpa B HEM Pa3JIMIHBI.

o Ilytu moxkno paccmarpuBarh u B Heoprpadax u B oprpadax. Eciu B rpade Her KpaTHbIX pédep,
OOBITHO TIYTh 33IAI0T TOJBKO MOC/IEI0BATEIHHOCTHIO BEPIITHH.

Sameuanue 14.1.3. VHOTIA OTHEIBHO BBOJIAT MOHITHAE MAPULPYMG, Uhenu, npocmot yenu. Mbr, aTo0bt
He 3aX/IaMJISITh JIEKCUKOH, UMU TI0JIb30BAThCS HE OYJIeM.

o [uks — nyTh ¢ PABHBIME KOHITAMU.

o IuKJIbI TOKE OBIBAIOT BEPIIMHHO U PEOEPHO IMPOCTHIMU.

o Auyurasuunot rpad — rpad 6e3 MUKJIOB.

o /lepeso — anuknaHbI Heoprpad.
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14.2. Xpanenwne rpada
Bynem obosnauars |V| = n, |E| = m. Unorga camu V u E GymyT 0603HAYATH PA3MEPHI.

e Criucok pédep

MozkHO TTpocTO XpaHUTh PEOpa: pair<int,int> edges[m];
Yro0b1 B OyayIneM yao0HO 0OpabaThiBATh U B3BeIIeHHbIE TPpadbl, U rpadbl ¢ TOTOKOM:

struct Edge { int from, to, weight; };
Edge edges[m];

e Marpuiia cMe>XHOCTU

MozkHO J1J1s1 KazKJI0il TIapbl BEPIIMH XpaHUTh Haju4dne pebpa, UIn KOJIUIecTBO PEOEp, WIn BeEC...
bool c[n][n]; JJI MPOCTOrO HEB3BEIIeHHOTO rpada. n? GUT MaMATH.
int c[n]l[nl; 19 HpocTOro B3BeleHHOro rpada uian Hessenennoro mysbrurpada. O(n?) namsary.

vector<int> c[nl[n]; /I B3BEIIEHHOrO MyJbTUTpada MPUIETCI XPAHUTH CIIMCOK BCEX BECOB BCEX
péGep Mek Ty mapoii BEpIIUH.

vector<vector<bool>> c(n, vector<bool>(n)); — YTOOBI IEPBHIil CIIOCOO IIpaB/Ia BECUI n? 6ur.
Koncranra Bpemern paboThl yBesmanTest (HY?KHO JIOCTATH OINPEeEHHBIA 6UT 32-0MTHOrO Ynca).
e CricKM CME>KHOCTU

MozkHO J1j1s1 KarKJI0ii BEPITUHBI XPAHUTDH CIIUCOK WHITMIEHTHBIX el pédep: vector<Edge> c[n];

Y100B! CIIUCKU CMEXKHOCTU yMeJIn OBICTPO YaJI8aTh, 3aMeHsieM vector Ha set/unordered_set.

e CpaBHeHUe cr1ocOOOB XpaHEeHUS

OCHOBHBIX JIefiCTBHI, KOTOPBIX HAM HYXKHO OYJIeT TPOJIEIbIBATE ¢ rpadoM He TaK MHOTO:

o adjacent (v) nepedpaTh Bce MHIMICHTHBIE U pEOpA.

o get(a,b) [IOCMOTPETh Ha HaJmdue/Bec pebpa Mex 1y a u b.
o all IIPOCMOTPETH Bce pébpa rpada

o add(a,b) J1006aBUTH pebpo B rpad

o del(a,b) VIAJIATH pedbpo u3 rpada

E1é BaXkHO OIEHUTH JIONOJTHUTEILHYIO TaMsITh.

adjacent get all add del memory
Crmcok pébep O(E) O(E) OE) |0(1)| OF) O(FE)
Marpuna cMeKHoCTH o) o(1) oW o) 01) | oWV?
Crmcku cmekHOCTH (vector) O(deg) | O(deg) | O(V+E) | O(1) | O(deg) | O(E)
Crmcknu cmexxknoctu (hashTable) | O(deg) o) |O(V+E) | O(1) | 0O(1) O(E)

EﬂI/IHCTBeHHbIG IIJIIOCBI IIEPBOI'O CHOCO6& — HE€ Hy2KHa JOIIIIaMAThH; B TaKOM BHIE y,ZLO6HO XPaHUTDb
rpad B daiisie (arobbl J06aBUTH OHO peOpO, JOMUIIEM ero B KoHell daiiia).

Ecin MaTpuiia cMexkKHOCTH YK CJIUIIKOM BeJIMKa, MOKHO XpaHUTh xerr-rabauiy (a,b) — cla, b)].

B GosbmnacTBE 337184 rpad XpaHIT COIMCKAMU CMEXXHOCTHU (HHOra ¢ Set BMeCTo vector).

IIpumep 3aga9m, KOTOPYIO XOPOIIO PEIIACT MATPUILA CMEXKHOCTH:
0 JIaHBI rpad U MOCIe0BATEIbHOCTD BEPIINH B HEM, IIPOBEPUTH, YTO OHA — IPOCTOM Iy Th.
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IIpumep 3aga9m, KOTOPYIO XOPOIIO PEIIAIOT CIUCKUA CMEZKHOCTH:
0 IHOMETHUTDb BCE BEPIIUHBI, CMEYKHBIE C 0.

ITpumep 3amaum, rje HyKHA CUIa 00EUX CTPYKTYD:
0 JIAHBI JIBE CMEYKHBbIE BEPIIUHBI, HANTH TPETHIO, YTOOBI MOy YUJICH TPEYTOJIHHUK.

14.3. Ilouck B riryOmHy
[Touck B rmybuny = depth-first-search = dfs

® 3a,£[aqa: IIOMETUTH BCE€ BEPIINHDBI, JOCTU2KUMbBIE U3 A.

e Pemienne: PEKYPCHUBHO BbLI3bIBAEMCA OT BCEX COCG,ILeﬂ a.

vector<vector<int>> g(n); // cobcTBeHHO Ham rpad
void dfs(int v) {
if (mark([v]) return; // oT xaxmoii BepuuHN HOEM BIIy6b TOJNBKO ONUH pas3
mark[v] = 1; // nmoMeTwmnu
for (int x : glvl])
dfs (x);
}
dfs (a);

Bpewms paborsr O(F), Tak Kak 110 Kaxk oMy pebpy dfs mpoxoaur He 6oJiee 0JHOTO pa3a.
¢ KoMIIoHEHTBI CBI3HOCTH

Def 14.3.1. Bepwunor neop epagha aestcam 6 00noti kKomnonerme ceasnocmu iff cyuecmsyem nymo
meoncdy Humu. Hnave 2080pa, 2mo KAacCCol IKGUBAAEHMHOCTIU OMHOUEHUA JOCTNUHCUMOCTIU.

Yy1e Mogudunmpyem dfs: mark[vl=cc. Il Oyzem 3amyckarh ero oT BceX BEPIINH:

for (int a = 0; a < n; a++)
if ('mark[al])
cc++, dfs(a);

Tenepsb Kaxkjias BEPIIMHA IOKPAIIIEHA B BET CBOeil KOMIIOHEeHThI. Bpemsi paborel O(V +FE) — 1o kax-
oMy pebpy dfs mpoxomuT He HoJee OTHOTO pa3a, U KPOMe TOr0 3aIyCKaeTCs OT KarKJI0W BEPITUHBI.

e BoccranoBiieHue myTu

Uiiem iy Th B OIpeie/IEHHYIO BEPIIUHY? HA 0OPATHOM XOJIy PEKYPCHU MOYKHO BOCCTAHOBUTH ITyTh!

bool dfs(int v) {
if (v == goal) { path.push_back(v); return 1; }
mark[v] = 1;
for (int x : glv])
if (dfs(x)) { path.push_back(x); return 1; }
return O;
}
dfs (start) ;

Bepmunbr myTu Oy/ryT 3anucanbl B path B mopsjike or goal K start.

14.4. Kinaccudukamus pedep

[Toce dfs(v) ocraércs aepeBo ¢ kKopaeMm B v. OTell BEPIIUHBI & — Ta, U3 KOTOPOH MBI IIPUIILIN B .
[IycTh Bce BepHIMHBI JJOCTUXKUMBI 13 . Pé0pa pasdminch Ha CaeyIoNume KaacChl.
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o /lpeBecHble: [IPUHAJIEKAT JIEPEBY.
o Ilpsimbie: UJIyT BHU3 110 JEPEBY.
o OO6parHble: UJIyT BBEPX II0 JIEPEBY.

o IlepekpécTHBbIe: UIyT MEXK/Iy PA3HBIMU IOJJIEPEBHIMHI.

Pébpa Mmoo kinaccudunupoBaTh OTHOCUTEIHHO JTI0O0OT0 KOPHEBOIO JIepeBa, HO MMEHHO OTHOCHTE b=
HO JiepeBa, rnojydennoro dfs B meoprpade, HET IEPEKPECTHBIX PEdED.

Lm 14.4.1. OtHocuresibHo jepeBa dfs Heoprpada HeT mepeKpEéCTHBIX pédep

Jlokazamenvcmeo. Eciu ectb niepekpécrroe pebpo a — b, ectb u b — a (rpad HEOPUEHTUPOBAHHDII).
[Iycrs tin]al < tin[b]. @ — b nepekpécraoe = t;,[b] > tou[al. [IporuBopeune ¢ rem, uro dfs mbITasucs
npoittu 1o pebpy a — b. |

BpeMeHa BXOJa-BbIXO/Ja — CTaHdapTHBLIC IIOJIE3HLIE CbI/I‘H/I df S-a, CHUTalOTCA TaK:

bool dfs(int v) {
t_in[v] = T++;

t_out [v] = T++;

14.5. TomoJsiormyeckasi COpTUPOBKA

Def 14.5.1. Tonoaozuueckoti copmuposka opepagpa —
conocmasaenue sepuiunam Homepos ind[v]: Ye(a—b) ind[a] < ind[b].

Lm 14.5.2. Tonosoruveckas copruposka 7 iff rpad aruknntaen.

Jloxazamenvcmeo. Eciu ecTbh NUKJI, pacCMOTPUM HEPABEHCTBA 110 IUKJIY, HOJIYYUM [IPOTUBOPEUNE.
Ecin 1uks0B Het, 3 BepIuHa v HyJIEBO# BXOJAINEH CTEIeHN, COrocTaBuM eit ind[v] = 0, ynaanm eé
u3 rpada, rpad ocrasics aluKJIUIHBIM, 110 HWHIYKIIUA TPOHYMEPYEeM OCTaBIINECsd BEPIITUHBI. |

B mporiecce JOK-Ba MOJIydn/IM HEPEKYPCUBHBIN AJITOPUTM Tomoiorndeckoii copruposku 3a O(V+E):
MIOJIIEP2KUBAEM BXO/IAIINE CTEIIEHN U OYepe/b BEPIIUH HYJIeBOil Bxojdieil crenenu. Vreparusg:

v = q.pop(); for (int x : glv]) if (--deglx] == 0) q.push(x)

AgaropurMm 14.5.3. Pexypcusnwiii moncopm

dfs yMeeT cOpTUPOBATH BEPIINHBI 110 BPEMEHU BXOJIa U BPEMEHU BBIXO/IA.

bool dfs(int v) {
in_time_order.push_back(v);

out_time_order.push_back(v);

}

Tomostoruyeckuii opsiIOK BEPIINH 3amucal B reverse (out_time_order);
JlokazaTebCTBO: IIYCTh €CTh pedpo a — b, Torjia Mbl cliepBa BbIIEM U3 b U TOJIBKO 3aTeM U3 .
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14.6. KoOMIIOHEHTHI CUJIbBHOIN CBA3HOCTU

Def 14.6.1. B oprpade sepuwunst a u b cuavro ceaznos iff cywecmeyrom nymu a ~» b u b~ a.

Def 14.6.2. Komnonenma cuavHoli c8A3HOCMU — KAACC IKBUBAAEHMHOCTUY OMHOWEHUA CUALHOU
C8AZHOCNU (PEPACKCUBHO, CUMMEMPUIHO, MPAHZUMUEBHO).

HaquMCH BbIJCJ/IATHD KOMIIOHCHTDBI CUJIbHOII CBA3HOCTU.
e Asroputm 3a O(VE)

Bepém Bepiuny v, 3amyckaem df s-bl U3 v 110 IPsAMbIM 1 00paTHBIM péopam. [Toryanin KOMIIOHEHTY v.

e Anropurm 3a O(V+E)

1. BoimuimneMm BepInHbI B OP/IKE YObIBAHUSI BpEMEHU BbIXOja n3 dfs.

void dfs(int v) {

order .push_front (v);
}
for (int v = 0; v < n; v++)
if (lused[v])
dfs(v); // dfs xomuT mo mpsMeM pEbpaM rpada

[TockosibKy HAII KOJL JIeTaeT TO Ke, 9To u topsort (14.5.3), nHOrIa TOBOPAT “3aIlyCTHM TOIICOPT .

2. [lepebupaem BepIIUHBI B TIOJIyUYeHHOM Topsijike. Ecm BepiHa v emié He OKpalleHa, KPaCuM “He
NOKPAWEHHDLE BEPUUHDBL, DOCTNUHCUMDLE U3 HEE N0 00PaAMHIM PEOPAM’. Y TBEPKIACTCS, YTO TOKPACUM
POBHO KOMIIOHEHTY CUJIbHON CBA3HOCTH 0.

int cc = 0; // KOIMYeCTBO KOMIIOHEHT
for (int v : order)
if (color[v] == 0)

dfs2(v, ++cc); // dfs2 xomuT mo obpaTHHM p&bpaM rpada

(3) (7) dfs (1) dfs2(7)

e dfs(3) dfs2(3)

a — dfs (7) —  dfs2(1) —
0.6 order: dfs2(6)
(2)—6) 7314562 dfs2(2)

Def 14.6.3. Kondencayus opepaga G = (V, E) — noewiti epag, peaysvmam cmazu6aHui KOMNOHEHM,
CuNLHOT c6A3HOCTU. Bepuunamu Konlencayuu A6AA0MCA KOMNOHEHMbL Cusvhol ceaznocmu G, a
pébpa G (a,b) € E nopoocdarom pébpa xondencayuu (color|al, color([b]).

Ilemau (caywadi color|a] = color[b]) 6 kondencayuro obviuno e dobasasom.
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Teopema 14.6.4. KoppekrHocTs anropurMa cuiibHoil cssnoctn 3a O(V + E)

Hoxazamesvcmeo. dfs2(v) TouHO 0OOMIENT BCIO KOMIIOHEHTY CUJIbHOW cBaA3HOcTH v. [loyemy on He
obomén sumaero? Ilycrs ecTh BepiumHa X, JOCTHKUMAs 110 OOPATHBIM PEOpaM, HO HE JIOCTUKUMAS
[0 TPAMBIM. Y Heé eCTh KOMIOHEHTa CHIbHON cBsasHocTH C'(x). YTBEPKIAETCs, UTO JI0 U MBI Y7Ke
nepebpasu xorst 661 oy a € C(x) = C(z) yxke Obuta mokparena. CM. jeMMy. ]

Lm 14.6.5. Eciu ectb yTh & ~» v, HO U ¥ B Pa3HbIX KOMIIOHeHTaX, Ja € C(x): pos, < pos,

,ﬂO%’CLS(Lm&/L’bCTnGO. ,HOCT&TO‘{HO JO0Ka3aThb JJId COCeJHNX KOMIIOHEHT B KOHJICHCAIIM.

[Iycrs 2’ — mepsast Bepuna € C(z), 1o KoTopoii mormén dfs.
[Iycrs v — nepsag Bepmuna € C(v), g0 Koropoii gomén dfs.

Eciu mb1 criepsa nmoceruiu v, To B &' 13 Heé Mbl He J10iaEM — 1obea,
B order Bca C(v) Gymer 3anucana nosxe Beeit C(x).

Ec/i MbI criepBa nocetuin 2’ — Mbl He BbIHIEM U3 HEE, T0Ka He noceTuM Bee Bepiuibl C'(x) = npoii-
JIEM pebpo (371eCh BOCIIOIB30BAJNCH TEM, YTO KOMIIOHEHTHI coceaue), Beayiee B C'(v) = 060iiaém
Bcto C(v) = U3 v BhIiJIEM JI0 TOTO, KaK BBIfIEM U3 .

Wroro: x' — nckomas BepimHa a. [ |
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